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Abstract
This paper studies the formal adiabatic limit of coassociative K3 fibred
torsion free G2 manifolds fibred over a contractible base, shows how to
put this structure on a different fibration obtained by fibrewise performing
Mukai duality of K3 surfaces, and furthermore relates the gauge theories
on both fibrations by a Nahm transform. This gives a mathematical
interpretation to the physical speculations of Gukov, Yau and Zaslow.
1 Introduction
This paper studies three circles of interrelated questions about torsion-free G2
manifolds with a coassociative K3 fibration π ∶M → B over a contractible local
base B. These are formal adiabatic structures, duality and gauge theory.
In [8], Donaldson proposed the study of formal adiabatic structures for such
K3 fibrations, meaning that there is a parameter ǫ controlling the size of the
fibre in this problem, and one takes the formal limit as ǫ → 0 of the structural
equations. Donaldson’s adiabatic fibration, which shall be surveyed more
fully in the text, involves 3-forms ω, λ and 4-forms Θ and µ on M described
pointwise by a linear algebraic model, and an Ehresmann connection H on
π ∶M → B, satisfying the adiabatic equations
⎧⎪⎪
⎨
⎪⎪⎩
dfω = 0, dHω = 0, dfλ = 0,
dHµ = 0, dfΘ = 0, dHΘ = 0, (1)
In particular, the K3 fibres are endowed with hyperKa¨hler structures. Fur-
thermore, these data are encoded into a positive section satisfying themaximal
submanifold equation (cf. reviews in Section 2.2).
This propels one to ask further
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Question. Can we give an adiabatic description of various geometric objects
over M , such as G2 instantons, G2 monopoles, associative sections, the Levi-
Civita connection, and the spin structure?
As a preliminary discussion, we offer a unified formal treatment via a basic
linear algebraic model, and write down the limiting equations of these objects
(cf. Chapter 2). Solutions of the limiting equations are refered to as ‘adiabatic’
objects. We show, among many other results, that on Donaldson’s adiabatic
fibrations, there is an adiabatic analogue of the well known characterisation of
G2 manifolds in terms of the existence of parallel spinors (cf. Chapter 3); the
adiabatic associative sections are governed by the Fueter equation; the adiabatic
G2 instantons are essentially equivalent to adiabatic G2 monopoles.
Remark. This is formal in the sense that no analytic result is yet proven
concerning when an adiabatic solution can be perturbed into a genuine finite ǫ
solution, or whether a sequence of finite ǫ solutions would necessarily converge
in any analytic sense to some adiabatic solution.
Duality has been studied extensively in the past decades in the context of
mirror symmetry, notably in relation to the SYZ conjecture for Calabi-Yau 3-
folds [15][6][23], and Fourier-Mukai transforms in algebraic geometry [4][14][18].
In the G2 setting, Gukov, Yau and Zaslow speculate in [11] that G2 manifolds
with calibrated fibration structures may arise in dual pairs, from motivations
in physics. The rough idea is that the mirror space should also have some cali-
brated fibration structure, where the base of the mirror is the same as the orig-
inal base, and the fibres of the mirror are moduli spaces parametrising ‘branes’
on the original fibres. A more mathematical perspective is discussed by Leung
and Lee [16], who attempt to find canonical special geometric structures on
moduli spaces of submanifold theoretic and gauge theoretic objects on a given
G2 manifold. The recent paper of Braun and Del Zotto [5] suggests that mirror
families could arise in dual pairs for Kovalev’s twisted connected sum construc-
tion of G2 manifolds, by some combinatorial study of examples produced using
polytopes, and gives some topological evidence by Betti number computations.
In our setting of Donaldson’s adiabatic fibrations, the fibres are hyperka¨hler
K3 surfaces, and the natural source to look for the mirror spaces is to perform
Mukai duality on each K3 fibre. This requires the input of a principal U(r)
bundle P → M , sometimes treated as a Hermitian vector bundle, with certain
topological conditions. (A technical variant with PU(r) structure group is also
important in this paper, since Hermitian Yang-Mills connections on P can be
equivalently thought as ASD connections on the associated PU(r) bundle, and
this formulation does not favour any particular complex structure). Restricted
to each K3 fibre X =Mb for b ∈ B, we can take the moduli space of irreducible
HYM connections on P ∣X →X , which in general gives a hyperka¨hler manifold,
and for some special topological numbers are known to be K3 surfaces (assuming
compactness and non-emptiness), called the Mukai dual K3 surface X∨. At the
level of differential topology, these fit into a K3 fibration π∨ ∶M∨ → B. We refer
to π∨ as the Mukai dual fibration, and its analogue with higher dimensional
hyperka¨hler fibres are called moduli bundles. One naturally asks
Question. Can we assign canonical geometric structures to π∨ ∶ M∨ → B, to
satisfy the conditions of Donaldson’s adiabatic fibration in their own right?
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This question can be answered at two levels. The first viewpoint is to
dualise the positive section h ∶ B →H2(X) satisfying the maximal submanifold
equation. The dual positive section h∨ ∶ B → H2(X∨), is simply obtained by
composing h with Donaldson’s µ-map which arises in the context of 4-manifold
polynomial invariants. It follows rather formally from facts in the theory of
ASD instantons, that
Proposition 1.1. (cf. Section 5.1) The positive section h∨ also satisfies the
maximal submanifold equation, so encodes another Donaldson’s adiabatic fi-
bration M∨ → B, and is compatible with the hyperka¨hler periods on the Mukai
dual K3 fibres.
The second and more geometric answer turns out to be intricately tied to
a circle of questions in higher dimensional gauge theory [9]. To provide some
general context, it is a common phenomenon for adiabatic equations in gauge
theory to be encoded by information on some moduli bundle. To take a well
known example related to the Atiyah-Floer conjecture [10], ASD instantons on
the product of two Riemann surfaces are encoded into a holomorphic mapping
equation when one Riemann surface collapses to zero size. In a similar vein,
Haydys [12] describes the formal adiabatic limits of Spin(7) instantons on spin
bundles over a Riemannian 4-fold, in terms of the Fueter equation on some
appropriate moduli bundle. Analogously, we show (cf. Section 4.3)
Theorem 1.2. ( cf. Chapter 4) Under appropriate smoothness assumptions,
Adiabatic G2 instantons on M are equivalent to solutions of the Fueter equation
on the moduli bundle, up to gauge equivalence and twisting by central u(1)-valued
1-forms pulled back from B.
The starting point of this theorem is the simple fact that adiabatic G2
instantons restrict to ASD connections on the K3 fibres. The main challenge
here is to assign the canonical structures to the moduli bundle to make sense of
the Fueter equation: they are the fibrewise hyperka¨hler forms, and a horizontal
distribution. These gauge theoretic structures turn out to be exactly what is
needed to put a Donaldson’s adiabatic fibration structure ω∨,Θ∨, µ∨ on the
Mukai dual fibration π∨ ∶M∨ → B.
We can then provide a deeper explanation of the above instanton-Fueter
correspondence. The adiabatic G2 instantons over M are critical points of a
gauge theoretic Chern-Simons functional, and the solutions of the Fueter equa-
tion on the moduli bundle are critical points of a submanifold theoretic Chern-
Simons functional. Now a connection over M which is ASD on every K3 fibre
represents a section of the moduli bundle. Under this natural identification,
Theorem 1.3. ( cf. Chapter 4) The two Chern Simons functionals are equal.
Remark. This suggests that there may be an underlying equivalence of quan-
tum theories, for which the instanton-Fueter correspondence is the classical
manifestation.
Quite remarkably, the well definition of these Chern-Simons functionals,
which are integral expressions, is precisely based on the differential relations
for the data in Donaldson’s adiabatic fibration. To make a familiar analogy,
3
this resembles how charge conservation in electrodynamics is related to the
continuity equation. This observation, with some additional arguments, enables
us to show
Theorem 1.4. ( cf. Chapter 5) The Mukai dual fibration π∨ ∶M∨ → B admits
canonical geometric structures which satisfy all the requirements of Donaldson’s
adiabatic fibration. The relation between hyperka¨hler structures on K3 fibres
X =Mb and X∨ =M∨b agrees with the Mukai duality of hyperka¨hler K3 surfaces.
Remark. More generally, when the fibrewise moduli spaces are higher dimen-
sional hyperKa¨hler manifolds rather than K3 surfaces, the moduli bundle still
admits canonical geometric structures which satisfy the natural generalisation
of conditions in Donaldson’s adiabatic fibration (cf. Chapter 4).
From now on we assume further for each b ∈ B the existence of a universal
family E ∣b →X×X∨ of HYM connections on P ∣X →X parametrised byX∨. This
leads naturally to the concept of (twisted) triholomorphic connection, whose
existence question is treated in the companion paper [17]. Here ‘triholomorphic’
means that the curvature is of Dolbeault type (1,1) with respect to all the 3
complex structures on X ×X∨, and twisting deals with the subtlety that the
central U(1) part of the curvature may obstruct the triholomorphic condition via
a nontrivial first Chern class. Viewed differently, this provides a universal family
of irreducible HYM connections on the fibres X∨ of M∨ → B, parametrised by
the corresponding fibre X of M → B. The Mukai dual fibration of M∨ → B is
well defined if for all b ∈ B these families of HYM connections are irreducible.
Then
Theorem 1.5. ( cf. Chapter 5) The Mukai dual fibration of M∨ → B is iso-
morphic to π ∶M → B as Donaldson’s adiabtic fibrations.
Continuing with the gauge theory thread, a reformulation of the instanton-
Fueter correspondence is
Theorem 1.6. ( cf. Chapter 5) Adiabatic associative sections on π∨ ∶ M∨ →
B are equivalent to (twisted) adiabatic G2 instantons on the Hermitian vector
bundles E →M associated to P →M .
When we restrict to the K3 fibres, this is merely the tautological corre-
spondence of points on X∨ with HYM connections on E∣X → X . This can be
understood algebraically as a special case of Fourier-Mukai transforms of co-
herent sheaves, where points are viewed as skyscraper sheaves. Thinking more
generally, if we take the Fourier-Mukai transform of a topologically different sta-
ble holomorphic bundle F ∣X /≃ E∣X →X , we can sometimes get another bundle
over X∨ instead of a skyscraper sheaf.
The Hitchin-Kobayashi correspondence translates stable bundles into HYM
connections. In the differential geometric context the Fourier-Mukai transform
is known as the Nahm transform on K3 surfaces, treated in the companion
paper [17] taylored to the need of the present paper. This Nahm transform is
built out of solutions to the coupled Dirac equation. The basic picture is that
under the condition that the slope of F ∣X is equal to the slope of E, irreducible
HYM connections α∣X on F ∣X → X will be transformed to HYM connections
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αˆ∣X∨ on another vector bundle Fˆ →X∨ with a certain slope. Morever, if αˆ∣X is
also irreducible, then we can define the inverse Nahm transform of (Fˆ ∣X , αˆ∣X),
which is canonically isomorphic to (F ∣X , α∣X).
There turns out to be an analogous picture for Donaldson’s adiabatic fi-
brations. Starting from a (twisted) adiabatic G2 instanton α on a Hermitian
bundle F →M which is fibrewise topologically distinct from E →M . Restricted
to every K3 fibre, we have a HYM connection. Assuming the slope condition
and irreducibility condition on every fibre, we can build a Hermitian bundle
Fˆ →M∨ by fibrewise performing the Nahm transform on K3 surfaces. This is
analogous to relative Fourier-Mukai transform in algebraic geometry, but the
absence of a global complex structure makes the problem much harder.
The main subtlety is to put a canonical connection αˆ on Fˆ → M∨, which
fibrewise agrees with the Nahm transform on K3 surfaces. The pair (Fˆ , αˆ) is
called the Nahm transform of (F , α). This construction requires two major
inputs. First, we need a universal bundle E →M ×BM∨ over the fibred product
M ×B M
∨, carrying a very special connection ∇univ which we call a twisted
generalised adiabatic G2 instanton, to be defined in Chapter 5. Second,
we need a canonical connection on the spinor bundle of M adapted to our
adiabatic problem, introduced in Chapter 3. Then by performing some very
delicate calculations mainly involving Dirac operators on coupled spinor fields,
we show
Theorem 1.7. ( cf. Chapter 6) In this setup, the Nahm transform (Fˆ , αˆ) is a
twisted adiabatic G2 instanton over M
∨.
On a more technical level, there are two main ways the conditions of Don-
aldson’s adiabatic fibrations enter into the story of the Nahm transform. The
first is a characterisation of these conditions in terms of a curvature operator
acting on negative spinors, which is developed in the later half of Chapter 3,
and in turn relies on a precise understanding of the deformation theory of the
fibrewise hyperka¨hler structures on K3 surfaces. The second is that the twisted
generalised adiabatic G2 instanton equation is highly overdetermined, and its
existence theory relies substantially on the integrability conditions inherent
in Donaldson’s adiabatic fibrations.
Furthermore, there is an analogue of the Fourier inversion theorem. As-
suming that the Nahm transform αˆ is irreducible on every K3 fibre, and M
is identified as the Mukai dual fibration of M∨, then we can define the inverse
Nahm transform ( ˆˆF , ˆˆα) by globalising the fibrewise construction on K3 surfaces.
Theorem 1.8. ( cf. Chapter 6) The inverse Nahm transform is gauge equivalent
to the original twisted adiabatic G2 instanton (F , α) up to possibly twisting by
a u(1)-valued 1-form pulled back from B.
This means the gauge theory over Donaldson’s adiabatic fibration M is in
some sense dual to the gauge theory over the Mukai dual fibration M∨. The
technical input is the difficult Fourier inversion theorem in the K3 context [17],
and the instanton-Fueter correspondence in Section 4.3.
We mention some directions of open problems following naturally from
this work, which we leave for future investigation.
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• There is likely an analogous picture involving Spin(7) manifolds with
Cayley fibrations.
• In this paper we work over a local base to avoid singular fibres and re-
ducible connections. What happens when we include these singularities?
(The analogous problem for Calabi-Yau 3-folds has been studied in alge-
braic geometry, e.g.[24].) Calculations by the author suggest that even
if M → B is smooth submersion, its Mukai dual fibration can acquire
singularity if we allow for reducible connections.
• How can we produce global examples of Mukai dual fibrations, especially
non-algebraic examples?
• One of the primary motivation for studying adiabatic structures is to
understand highly collapsed bona fide torsion free G2 manifolds. When
can we perturb Donaldson’s adiabatic fibrations into genuine coassociative
fibrations, and what happens to the gauge theory thereon?
Acknowledgment. The author thanks his PhD supervisor Simon Donaldosn
and cosupervisor Mark Haskins for inspirations, and Simon Center for hospital-
ity.
2 Adiabatic limiting structures
We discuss in a unified way using a simple linear algebraic model, how to for-
mally write down the adiabatic limiting conditions for a number of interesting
geometric objects, such as K3 fibred torsion free G2 structures, associative sec-
tions, G2 instantons, and G2 monopoles. The discussion is formal in the sense
that we do not pursue the question of perturbing an adiabatic solution to an
actual solution for small parameters.
The torsion free G2 structure case is treated by Donaldson [8], which we
outline in Section 2.2. The associative section case is treated in Section 2.3,
where we show the formal adiabatic limiting condition can be expressed in terms
of solutions of the Fueter equation, which is a nonlinear version of the Dirac
equation. We treat adiabatic G2 instantons and adiabatic G2 monopoles in
Section 2.4 and 2.5, where we show they are essentially equivalent, just like G2
instantons are equivalent to G2 monopoles on compact manifolds.
A common paradigm to these equations, is that they fit into some varia-
tional framework. This interacts nicely with formal limits, and we shall define a
number of Chern-Simons type functionals whose critical points characterise the
adiabatic solutions.
2.1 The basic linear algebraic model
The basic linear algebra of coassociative fibration in a G2 manifold is given by
the following simple model. One takes an orthogonal splitting R7 = R3 ⊕ R4,
and thinks of R3 as isomorphic to the space of self dual 2-forms on R4. The G2
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structure on R7 is given by the 3-form
φ = ω + λ = ∑ωidti − dt1dt2dt3,
where ωi for i = 1,2,3 are the standard basis of self dual 2-forms on R4, and
t1, t2, t3 are the standard coordinates on R
3. Alternatively, one can think of the
4-form
∗φ = Θ + µ = −∑
cyc
ωidtjdtk +
1
2
ω2
1
.
The induced metric is just the standard Euclidean metric
g = ∑dx2i +∑dt2j ,
where xi are the standard coordinates on R
4. The oriented volume form is
−dt1dt2dt3dx1dx2dx3dx4. From these structures, one can write down a cross
product × ∶ R7 ×R7 → R7,
g(x × y, z) = φ(x, y, z),
and an alternating trilinear map χ ∶ R7 ×R7 ×R7 → R7,
g(χ(x, y, z),w) = ∗φ(x, y, z,w).
Now we scale the R4 factor by a small number ǫ. The defining 3-form is
changed to
φǫ = ǫω + λ = ǫ∑ωidti − dt1dt2dt3.
Accordingly,
∗ǫφǫ = ǫΘ + ǫ2µ = −ǫ∑
cyc
ωidtjdtk +
ǫ2
2
ω21 , gǫ = ǫ∑dx2i +∑dt2j ,
gǫ(x ×ǫ y, z) = φǫ(x, y, z), gǫ(χǫ(x, y, z),w) = ∗φǫ(x, y, z,w).
It is easy to describe the effect of scaling on χǫ.
χǫ(x, y, z) =
⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩
ǫχ(x, y, z) x, y ∈ R4
χ(x, y, z) x ∈ R4, y, z ∈ R3
0 x, y, z ∈ R3
Other possibilities are clear from alternating property. Thus in the formal limit,
only the combinations of x, y, z with one factor in R4 and two factors in R3 can
contribute. For example, for y = ∂
∂t2
, z = ∂
∂t3
, x ∈ R4, the limit of χǫ gives
−I1x, where I1 is the complex structure corresponding to ω1. We remark in
passing that complex structures Ii act on 1-forms on R
4 by the negative of
precomposition:
Iia = −a ○ Ii, a ∈ (R4)∗.
This convention is to ensure compatibility with quaternionic ring structure.
Similarly, contributions to the formal limit of the cross product require at
least one factor from R3.
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It is also interesting to see the effect of scaling on the Hodge star ∗7 on
(R7)∗. Given a 1-form a ∈ (R4)∗, then ∗7a = ∗4a ∧ λ. If instead a ∈ (R3)∗, then
∗7a = µ∧∗3a. Here ∗3, ∗4 are the Hodge stars on the duals of R3 and R4. Now
when we scale the 3-form,
∗7ǫa =
⎧⎪⎪
⎨
⎪⎪⎩
ǫ ∗4 a ∧ λ a ∈ (R4)∗
ǫ2µ ∧ ∗3a a ∈ (R3)∗
2.2 Donaldson’s adiabatic fibration
Following Donaldson [8], we consider a very collapsed G2 manifold M with a
coassociative submersive K3 fibration π ∶ M → B over a contractible base B,
with fibres diffeomorphic to X = K3. The natural data to describe such a
situation involve the 3-form φǫ = ǫω + λ, the dual 4-form ∗ǫφǫ and the metric
gǫ as in the linear algebraic model. The metric induces an orthogonal splitting
of TM into vertical and horizonal directions, i.e. the data of a connection H .
This induces a decomposition of forms
ΛnT ∗M = ⊕
p+q=n
Λp,qT ∗M,
with p terms from the base and q terms from the fibre. The exterior differenti-
ation operator d ∶ Ωp,q → Ωp,q+1 +Ωp+1,q +Ωp+2,q−1 splits into types
d = df + dH +FH ,
where FH is an algebraic operator. If we impose the torsion free condition on
φǫ, and take the formal limit as ǫ → 0, we get the adiabatic limiting structure
dfω = 0, dHω = 0, dfλ = 0, (2)
dHµ = 0, dfΘ = 0, (3)
and
dHΘ = 0. (4)
The equations (2) come from the closed condition, and the equations (3), (4)
come from the coclosed condition. They imply that ω fibrewise defines a hy-
perka¨hler triple. At the linear algebraic level, the data ω, Θ, λ, µ, H specifies
a Riemannian metric on the base B, which one heuristically imagines to be the
Riemannian collapsing limit of a sequence of torsion free G2 metrics. We shall
refer to the data solving (2), (3), (4) as Donaldson’s adiabatic fibration.
Some of these equations have simple interpretations. For example, dfλ means λ
is pulled back from the base, and dHµ = 0 means the horizontal distribution H
preserves the fibrewise volume form. The fibrewise µ volume is thus a constant,
which Donaldson fixes to be 1, and then the compatibility of the base metric
gbase with the other data is given by
gbase(
∂
∂ti
,
∂
∂tj
) = 1
2 ∫Mb ωi ∧ ωj . (5)
Donaldson shows how to compress these data into a maximal submanifold
equation. We briefly outline this theory. The ωi’s give 3 class maps B →
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H2(X) = H2(K3), so define an H2(X)-valued 1-form on B. The integrability
conditions on ωi implies this 1-form is closed, hence on a local base B can be
written as the derivative of a function h ∶ B →H2(X), which is well defined up
to an additive constant. The derivatives ∂h
∂ti
give the class of ωi in H
2(X), so the
tangent spaces of the image of h are maximal positive subspaces in H2(X,R),
whose natural nondegenerate cup product form has signature (3,19). Donaldson
calls such maps h positive sections.
Using the Torelli theorem for hyperka¨hler structures on K3 surfaces, this
map h recovers the fibrewise hyperka¨hler metric up to diffeomorphism of fibres.
The quantity λ is a volume form on B, chosen appropriately to ensure the
corresponding fibrewise µ volumes are 1. Donaldson shows there is a unique
choice of H to satisfy dHω = 0 and dHµ = 0. The rest of the data can be
determined from here using linear algebra, and they solve the equations (2),
(3).
Proposition 2.1. (cf. [8]) The data set determined above by the positive
section h satisfies (4) if and only if h defines a maximal submanifold of H2(X).
One can take a variational viewpoint on this. The area functional on the
positive section h induced from the immersion into H2(X),
Area(h) = ∫
B
det1/3(∫
X
[ωi] ∪ [ωj])dt1dt2dt3, [ωi] = ∂h
∂ti
, (6)
is the limiting manifestation in the adiabatic situation of the Hitchin volume
functional on closed positive 3-forms. Thus the critical points correspond unsur-
prisingly to Donaldson’s adiabatic fibrations, which are supposed to be collapsed
limits of torsion free G2 structures.
Remark. At present there is no known existence result in the direction of
obtaining an actual G2 structure from perturbing the adiabatic fibration data.
Our discussions therefore will have a formal character, and we shall be interested
in the limiting equations in their own right.
2.3 Adiabatic limit of associative sections
An associative section is a section s of π ∶ M → B which is an associative
submanifold. The associative condition can be characterised as χǫ(x, y, z) = 0
where x, y, z is a basis for the tangent space of the submanifold s(B). Let ti
be a set of coordinates on B, such that ∂
∂ti
is orthonormal at a given point of
interest. Using the horizontal distribution H , one can decompose ds( ∂
∂ti
) ∈ TM
into the horizontal lift of ∂
∂ti
, still denoted ∂
∂ti
, and the vertical part, denoted
∇ ∂
∂ti
s:
ds( ∂
∂ti
) = ∂
∂ti
+∇ ∂
∂ti
s.
This notation is compatible with viewing H as an Ehresmann connection. We
warn the reader that writing ∂
∂ti
for horizontal vectors must not be taken to
imply H is an integrable distribution. Using the basic linear algebraic model in
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Section 2.1, we can take the formal limit as ǫ→ 0 of the equation
χǫ(ds( ∂
∂t1
), ds( ∂
∂t2
), ds( ∂
∂t3
)) = 0,
to obtain
∑
i
Ii∇ ∂
∂ti
s = 0. (7)
Here I1, I2, I3 are the 3 complex structures on the K3 fibres, corresponding to
the symplectic forms ωi obtained by contracting
∂
∂ti
with ω.
Remark. Here by the formal limit we mean that we na¨ıvely pretend as if
the section s converges smoothly, and there exists some actual torsion free G2
structure φǫ very closely approximated by our linear algebraic model. There
is no claim that actual associative sections would have this sort of convergence
behaviour. Similar remarks will apply to the analogous settings elsewhere in
this paper.
This limiting equation has an invariant meaning: it is the Fueter equation
for the section of the hyperka¨hler K3 bundle π ∶ M → B. More discussions on
the Fueter equation will be given later in Section 4.1. Thus
Proposition 2.2. The formal adiabatic limiting condition for an associative
section is the Fueter equation.
We sometimes refer to the solutions of (7) as adiabatic associative sec-
tions.
It is interesting to understand this in terms of variational formulations. As-
sociative submanifolds are calibrated by the 3-form, so in particular are critical
points of the area functional for compactly supported variations. Small pertur-
bations of s(B) will remain being a section. This suggests evaluating the formal
limit of the area functional as ǫ→ 0 on the space of all sections s ∶ B →M . One
finds
Area(s(B)) = ∫
B
λ,
i.e. the area functional is constant.
Alternatively, one can think of the Chern-Simons type functional. Fix
an arbitrary section s0 as a base point, so s(B) and s0 are viewed as the bound-
ary of a 4-fold N ∶ [0,1] ×B → M . We integrate the 4-form over the 4-fold N
to define a functional, which is independent of N under boundary fixing ho-
motopies, and the critical points are associative sections. We can take a scaled
formal limit of this functional, which is
CSassociative(s) = ∫[0,1]×BN
∗Θ.
The critical points are just adiabatic associative sections.
2.4 Adiabatic limit of G2 instantons
The G2 instanton equation for a connection A on a principal bundle P over M
(usually with structure group U(r) or PU(r); the reader should bear in mind
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both cases), can be written as
FA ∧ ∗ǫφǫ = 0.
The formal limit of this equation after scaling, as ǫ→ 0, is
FA ∧Θ = 0. (8)
Solutions of (8) will be called adiabatic G2 instantons. We understand this
limiting equation by decomposing the curvature FA into horizontal and vertical
(p, q) types using the Ehresmann connection H (the reader should take care not
to confuse this with Dolbeault type decomposition):
FA = F (2,0)A +F (1,1)A +F (0,2)A .
Then (8) can be written as the ASD instanton condition on each fibre
F
(0,2)
A ∧ ωi = 0, (9)
and some condition specifying variation with the fibres
F
(1,1)
A ∧Θ = 0. (10)
We compare this to the variational formulations. G2 instantons are critical
points of the Yang-Mills functional. If one formally take the ǫ → 0 limit of the
YM functional
YM(A) = lim
ǫ→0
1
8π2 ∫M ∣F ∣
2dVol,
the scaling behaviour on the norm of 2-forms will pick out vertical components,
so one obtains
YM(A) = 1
8π2
∫
B
λ(y)∫
My
∣F (0,2)∣2µ.
The minima of this functional are just the connections A which fibrewise restrict
to an ASD connection. The minimum value is up to a factor of topological
charge, just ∫B λ. We don’t see any information about the variation with fibres.
Alternatively, one can think of the Chern-Simons type functional. One
fixes an arbitrary connection A0 as a base point, a path joining A0 and A, and
consider the integral
−1
4π2 ∫M×[0,1]Tr(FA(t) ∧
∂A(t)
∂t
) ∧ ∗ǫφǫ ∧ dt.
Taking the scaled formal limit, one obtains
CSinstanton(A) = −1
4π2
∫
M×[0,1]
Tr(FA(t) ∧ ∂A(t)
∂t
) ∧Θ ∧ dt. (11)
The critical points are just the adiabatic G2 instantons. The invariance of the
Chern-Simons functional under boundary fixing homotopies uses the fact that
Θ is closed, much in the same way the closedness of ∗φ is the basic integrability
condition underpinning the usual G2 instanton equation.
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When the structure group is U(r), then the existence of adiabatic G2 in-
stantons, or more specifically the fibrewise ASD condition, necessarily implies
the first Chern class c1(P ) of the associated vector bundle is orthogonal to the
fibrewise hyperka¨hler triple. This is quite restrictive because it forces the un-
derlying Donaldson’s adiabatic fibration to be non-generic. As a remedy to
broaden the applicability, we introduce
Definition 2.3. A U(r) connection A over a K3 fibre is called Hermitian
Yang-Mills if it satisfies
√
−1
2π
FA ∧ ωi = (B ∧ ωi)I = (1
r
∫
X
c1(P ∣X) ∪ [ωi])µ⊗ I, (12)
where B is the harmonic 2-form representing 1
r
c1(P )∣K3, and I is the identity
matrix. A U(r) connection over M is a twisted adiabatic G2 instanton if
it is HYM on every fibre, and morever it satisfies (10). The slope potential
function of the U(r) bundle is
B → R, b↦
1
r
∫
Mb
c1(P ) ∪ h,
where h is the positive section of the Donaldson’s adiabatic fibration.
Remark. The class c1 is orthogonal to some choice of ω2 and ω3, this is the
usual notion of Hermitian Yang-Mills connection with respect to the preferred
complex structure defined by ω2+iω3. When B = 0 we recover ASD connections.
The slope potential is equal to ∫Mb B ∧ h, and its gradient encodes the slope of
the HYM connection in the holomorphic case.
Remark. It follows easily by taking the trace of (12) that
√
−1
2πr
TrFA = B on
K3 fibres. It is useful to think of twisted adiabatic G2 instantons as given by
a PU(r) adiabatic G2 instanton, and a prescription on the central part of the
curvature.
2.5 Adiabatic limit of G2 monopoles
The G2 monopole equation involves a connection A on a principal bundle P
over M , and a Higgs field Φ, i.e. a section of ad(P ). The equation is
FA ∧ ∗ǫφ + ∗ǫdAΦ = 0.
This equation arises from dimensional reduction of the Spin(7) instanton equa-
tion. When the Higgs field is parallel, this reduces to the G2 instanton equation;
this happens automatically on a compact G2 manifold. From the analytical
viewpoint, this is an elliptic equation, whereas the G2 instanton equation is
overdetermined.
Now we take the formal limit after scaling the equation by ǫ−1. The result-
ing equation is
FA ∧Θ + ∗4(dAΦ)(0,1) ∧ λ = 0. (13)
Here (dAΦ)(0,1) is the vertical component of dAΦ. Solutions will be called
the adiabatic G2 monopoles. A perhaps surprising feature of the limiting
equation is that it does not see the horizontal variation of Φ. The Higgs field
on different fibres decouple.
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Proposition 2.4. If (A,Φ) is an adiabatic G2 monopole, then dAΦ vanishes
necessarily, so adiabatic G2 monopoles are actually equivalent to adiabatic G2
instantons.
Proof. We notice that Θ in Donaldson’s adiabatic fibration is closed. Therefore
the Bianchi identity dAFA = 0 implies dA(FA ∧Θ) = 0, so
dA ∗4 (dAΦ)(0,1) ∧ λ = 0.
Here λ is just pulled back from the base B, and is closed. A moment of thought
reveals d∗AdAΦ = 0 on each K3 fibre independently. Integration by part shows
the L2 norm of dAΦ vanishes, hence the claim.
3 Adiabatic spin structures
We study the adiabatic limiting description of spinors on Donaldson’s adiabatic
fibrations. In Section 3.1, 3.2, we set out the general Riemannian framework of
adiabatic spinors on 7 = 3 + 4 dimensions, and special attention is paid to the
Levi-Civita connection. This is essentially a standard construction in family in-
dex theory [3, Chapter 1]. The general principle is that adiabatic spin structure
onM is encoded in the variation of the fibrewise spin structures, and the spinor
bundle is better understood by a chiral decomposition.
We then specialise to Donaldson’s setting. In Section 3.3 we show the adi-
abatic analogue of the well known characterisation of torsion free G2 structures
in terms of existence of parallel spinors. This gives a satisfactory understanding
of the positive spinors.
Characterising the negative spinors is a deeper question. We prepare our-
selves with some calculations about the variations of the fibrewise hyperka¨hler
metrics in Section 3.4. We then discuss in Section 3.5 a certain curvature op-
erator which captures information about Donaldson’s adiabatic fibrations in a
very essential way. This operator is intimately related to the variation of the
fibrewise Dirac operator, which is a crucial ingredient in our study of the Nahm
transform in Chapter 6.1.
3.1 Adiabatic Levi-Civita connection
We wish to define the analogue of the Levi-Civita connection on Donaldson’s
adiabatic fibration π ∶ M → B. We first recall the usual formula of the Levi-
Civita connection on a bona fide Riemannian manifold, written in terms of Lie
brackets of tangent vectors:
g(∇XY,Z) = 1
2
{Xg(Y,Z)+ Y g(Z,X) −Zg(X,Y )
+g([X,Y ], Z) − g([Y,Z],X) − g([X,Z], Y )}.
(14)
In general, suppose we are given a horizontal distribution H inducing a splitting
of tangent bundle into vertical and horizontal subbundles TM = TMb ⊕H , the
fibrewise metrics gfibre, and a metric gbase on B, then there is a family of metrics
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gǫ = ǫgfibre + π∗gbase such that π ∶ M → B is a Riemannian submersion. The
Levi-Civita connection induces subbundle connections ∇ǫ on TMb and H , for
which we can take limits ∇LC as ǫ→ 0. We describe the results in cases:
• For verticalX,Y , the limit ∇LCX Y agrees with the Levi-Civita on the fibre.
• Let X be a horizontal lift of a vector field from the base, and Y be vertical.
Thus [X,Y ] is vertical, by the property of the Lie bracket. If Z is vertical,
one sees
lim
1
ǫ
gǫ(∇gǫY X,Z) =
1
2
{Xgfibre(Z,Y ) + gfibre([Y,X], Z) − gfibre([X,Z], Y )}
= 1
2
(LXgfibre)(Y,Z)
where L is the Lie derivative. Using that the Levi-Civita of gǫ is a sym-
metric connection, we take the limit to get
gfibre(∇LCX Y, ⋅) = 12(LXg
fibre)(Y, ⋅) + gfibre([X,Y ].⋅). (15)
• If X and Y are both horizontal lift of vector fields from the base, then
∇LCX Y agrees with the Levi-Civita connection on B.
We can think of ∇LC as the adiabatic Levi-Civita on Donaldson’s adi-
abatic fibration, a connection on the subbundles TMb and H compatible with
the metric on fibres and on the base. The reader is warned not to confuse
this with the horizontal distribution H . The adiabatic Levi-Civita connection
also acts on horizontal/vertical 1-forms as the natural connection on the dual
bundle. Using the metrics, we can identify horizontal/vertical vectors Y with
horizontal/vertical 1-forms Y ♯, and (∇LCX Y )♯ = ∇LCX Y ♯.
We take the opportunity to discuss the curvature R(X,Y ) = ∇LCX ∇LCY −
∇LCY ∇
LC
X − ∇
LC
[X,Y ]. The ∇
LC acting on the horizontal vectors/1-forms agree
with the Levi-Civita on the base B. So it is enough to understand the curva-
ture tensor R of ∇LC acting on vertical vectors/ 1-forms. Suppose X , Y are
vertical, then R(X,Y ) agrees with the Riemannian curvature operator for the
fibre metric. The more interesting mixed term of R is given by
Lemma 3.1. Let X,Y,Z be vertical vectors, and ∂
∂t
be horizontal. Then
⟨R(X, ∂
∂t
)Y,Z⟩ = 1
2
{(∇fibreZ L ∂∂t g
fibre)(X,Y )−(∇fibreY L ∂∂t g
fibre)(X,Z)}, (16)
where ∇fibre means the Levi-Civita connection for the fibrewise metric, and here
it is acting on the symmetric 2-tensor L ∂
∂t
gfibre.
Proof. The problem makes sense over a first order neighbourhood of b ∈ B, so we
can take coordinates x1, x2, x3, x4, ti, and write Lie derivatives L ∂
∂t
= ∂
∂t
, where
t can be any of the ti. We compute in coordinates with Einstein’s summation
convention, and write Γ for the Levi-Civita connection of the fibre metric. For
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X = ∂
∂xj
and Y = ∂
∂xk
, using the compatibility of ♯ with the adiabatic Levi-Civita
connection,
(∇LC∂
∂t
Y )♯ = 1
2
∂gik
∂t
dxi, (∇LCX ∇LC∂
∂t
Y )♯ = 1
2
{ ∂
2gik
∂xj∂t
− Γsji
∂gsk
∂t
}dxi,
∇LCX Y = Γsjk ∂
∂xs
, (∇LC∂
∂t
∇LCX Y )♯ = {12
∂gis
∂t
Γsjk + gis
∂
∂t
Γsjk}dxi.
Hence by taking the difference,
(R(X, ∂
∂t
)Y )♯ = (∇LCX ∇LC∂
∂t
Y −∇LC∂
∂t
∇LCX Y )♯ = {12(∇
fibre
j
∂g
∂t
)ik − gis ∂
∂t
Γsjk}dxi.
We calculate further
gis
∂
∂t
Γsjk = ∂
∂t
(gisΓsjk) −
∂gis
∂t
Γsjk
= 1
2
∂
∂t
(gij,k + gik,j − gjk,i) − ∂gis
∂t
Γsjk
= 1
2
( ∂
2gij
∂xk∂t
+
∂2gik
∂xj∂t
−
∂2gjk
∂xi∂t
) − ∂gis
∂t
Γsjk
= 1
2
{(∇fibre
k
∂g
∂t
)ij + (∇fibrej
∂g
∂t
)ik − (∇fibrei
∂g
∂t
)kj},
so after cancellation,
(R(X, ∂
∂t
)Y )♯ = 1
2
{−(∇fibre
k
∂g
∂t
)ij + (∇fibrei
∂g
∂t
)kj}dxi.
This is the claimed result in coordinate form.
3.2 Adiabatic spin structure: Riemannian geometry
It is well known that genuine G2 manifolds can be characterised in terms of
the existence of parallel spinors. It is therefore interesting to examine how to
describe spinors on Donaldson’s adiabatic fibrations. In this Section we lay out
the Riemannian geometric aspects of the adiabatic limit of the spin structure.
We first describe how to build up the spinor bundle on the 7-fold M with
Riemannian metric ǫgfibre+gbase before taking the adiabatic limit. This is quite
general and is not tied to G2 geometry. Let SB be the spinor bundle on the
base B, so the pullback SB →M is a complex rank 2 bundle, with a canonical
complex volume form compatible with the SU(2) structure. Let SX = S+X ⊕S−X
be the spinor bundle on any fibre X = Mb, so these fit into a complex rank 4
bundle SX →M . Here S
+
X and S
−
X each has a complex volume form compatible
with the fibrewise SU(2)-structure. The bundles SB and SX are equipped with
Clifford multiplication actions cB, cX by tangent vectors
∂
∂ti
on B and ∂
∂xi
on X , respectively. In our choice of conventions, cB(dt1)cB(dt2)cB(dt3) = −1.
We can make the pointwise construction to obtain a complex rank 8 bundle
S = SX ⊗SB →M . The tangent bundle and the cotangent bundle on M act on
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S by
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
c( ∂
∂xi
) = cX( ∂∂xi )⊗ 1, S−X ⊗ SB → S+X ⊗ SB,
c(dxi) = cX(dxi)⊗ 1, S+X ⊗ SB → S−X ⊗ SB,
c( ∂
∂ti
) = 1⊗ cB( ∂∂ti ), S−X ⊗ SB → S−X ⊗ SB,
c(dti) = −1⊗ cB(dti), S+X ⊗ SB → S+X ⊗ SB.
(17)
Here we have hidden the dependence on ǫ by carefully arranging the appearance
of tangent vectors and cotangent vectors. To write in full,
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
cǫ( ∂∂xi ) = ǫcX( ∂∂xi )⊗ 1, S+X ⊗ SB → S−X ⊗ SB,
cǫ(dxi) = 1ǫ cX(dxi)⊗ 1, S−X ⊗ SB → S+X ⊗ SB,
c(dti) = 1⊗ cB(dti), S−X ⊗ SB → S−X ⊗ SB,
c( ∂
∂ti
) = −1⊗ cB( ∂∂ti ), S+X ⊗ SB → S+X ⊗ SB.
(18)
where cǫ is written to emphasize the ǫ dependence. This action satisfies the
Clifford relations:
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
cǫ( ∂∂xi )cǫ( ∂∂xj ) + cǫ( ∂∂xj )cǫ( ∂∂xi ) = −2ǫgfibre( ∂∂xi , ∂∂xj ),
cǫ( ∂∂xi )cǫ( ∂∂tj ) + cǫ( ∂∂tj )cǫ( ∂∂xi ) = 0,
cǫ( ∂∂ti )cǫ( ∂∂tj ) + cǫ( ∂∂tj )cǫ( ∂∂ti ) = −2gbase( ∂∂ti , ∂∂tj ).
(19)
This means S is a Clifford module bundle on M . Morever, the bundle S has
a canonical complex volume form (i.e. a section of the determinant bundle)
independent of ǫ, induced by the complex volume forms on S+X , S
−
X and SB.
Thus S can be identified as the spinor bundle on M . (In our setting M is
simply connected, so topologically the spinor bundle is unique). The subbundles
S+X ⊗ SB and S
−
X ⊗ SB are each equipped with a canonical Hermitian metric.
We leave the simple exercise for the reader to determine the scaling convention
to build a Hermitian metric on S compatible with Clifford multiplication cǫ and
the complex volume form.
Remark. The part of the Clifford action (17) is defined independent of ǫ. This
motivates us to think of S as the adiabatic spinor bundle on Donaldson’s
adiabatic fibration.
The next aim is to understand the Levi-Civita connection on S (also known
as the spin connection in the literature) when ǫ is finite, before taking the adia-
batic limit. We write ∇ǫ,++ as the subbundle connection on S+X ⊗SB. Similarly
with ∇ǫ,−− on S−X ⊗ SB. These are characterised by the Leibniz rules
⎧⎪⎪⎨⎪⎪⎩
∇ǫ,++v (c(w) ⋅ s) = c(w) ⋅ ∇ǫ,−−v s + c(∇ǫvw) ⋅ s, w is vertical,
∇ǫ,−−v (c(w) ⋅ s) = c(w) ⋅ ∇ǫ,−−v s + c(∇ǫvw) ⋅ s, w is horizontal,
(20)
and the preservation of the canonical complex volume forms.
Lemma 3.2. The components ∇ǫ,++ and ∇ǫ,−− of the Levi-Civita connection on
S have limits ∇LC,++ and ∇LC,−− as ǫ→ 0, which satisfy the appropriate Leibniz
rules similar to (20) with c(∇ǫvw) replaced by c(∇LCv w).
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Proof. The Levi-Civita connection makes sense if the data are given on the first
order neighbourhood of a point. Viewed this way, (20) coupled with the complex
volume preserving property, amount to some finite dimensional inhomogeneous
system of linear equations on the matrix valued unknowns ∇ǫ,++v and ∇
ǫ,−−
v . The
associated homogeoneous linear equation is the following system of equations
on the matrix B ∈ End(S+X ⊗ SB)∣x ⊕End(S−X ⊗ SB)∣x at a given point x ∈M :
⎧⎪⎪⎨⎪⎪⎩
B(c(w) ⋅ s) = c(w) ⋅Bs, ∀w ∈ TxM,s ∈ S∣x,
TrB = 0.
By writing tangent vectors and cotangent vectors in appropriate places we can
make this homogeneous equation independent of ǫ. This system of equations
only has the trivial solution, because the first equation says B commutes with all
Clifford multiplications, which constrains B to a scalar multiple of the identity,
so must be zero by the trace condition.
As ǫ→ 0, the inhomogeneous term c(∇ǫvw) ⋅s in (20) converges to c(∇LCv w) ⋅
s, so elementary property of the linear equation says that the finite ǫ solutions
must converge to the unique solution when ǫ = 0.
Remark. By a limiting argument ∇LC,++ and ∇LC,−− are compatible with the
Hermitian metric and complex volume forms on S+X ⊗ SB and S
−
X ⊗ SB.
Proposition 3.3. The connections ∇LC,++ and ∇LC,−− are induced by the ten-
sor product of the Levi-Civita connection on SB → B, with certain connections
∇LC,+ on the bundle S+X → M and ∇
LC,− on S−X → M satisfying the Leibniz
rule
⎧⎪⎪⎨⎪⎪⎩
∇LC,+v (cX(w) ⋅ s) = cX(w) ⋅ ∇LC,−v s + cX(∇LCv w) ⋅ s, w is vertical
∇LC,−v (cX(w) ⋅ s) = cX(w) ⋅ ∇LC,+v s + cX(∇LCv w) ⋅ s, w is vertical,
(21)
and morever ∇LC,+ and ∇LC,− are compatible with the Hermitian structures
and the complex volume forms on S+X →M and S
−
X →M . If v is vertical, then
the derivatives ∇LC,+v and ∇
LC,−
v agree with the spin connections on fibres.
Proof. We work in geodesic coordinates t1, t2, t3 on B. It is enough to under-
stand the derivatives ∇LC,++v and ∇
LC,−−
v when v is horizontal. The Leibniz
rules similar to (20) imply
∇LC,++v ○ c(
∂
∂tj
) = c( ∂
∂tj
) ○ ∇LC,++v , ∇LC,−−v ○ c(
∂
∂tj
) = c( ∂
∂tj
) ○ ∇LC,−−v ,
and therefore by thinking about the centralizer in the Clifford algebra, ∇LC,++
and ∇LC,−− must be tensor connections. The compatibility conditions are easy
consequences.
Remark. Recall that ∇LC encodes Lie derivatives of the fibrewise metric. Then
the above Proposition expresses the principle that adiabatic spin structures on
the total space are encoded by the variation of fibrewise spin structures.
Remark. The Leibniz rule and the compatibility with the complex volume
form uniquely characterise ∇LC,+ and ∇LC,−.
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3.3 Adiabatic spin structure: G2 geometry
We now bring in the G2 aspects of Donaldson’s adiabatic fibration. The forms
λ, µ, ω and Θ act on elements of S. By our convention λ act as 1 on SB, so by
(17), (18) it acts on S by
c(λ) =
⎧⎪⎪⎨⎪⎪⎩
1 on S−X ⊗ SB
−1 on S+X ⊗ SB.
(22)
To define the action of µ on the adiabatic spinor bundle, we simply scale away
the ǫ dependence. Thus
c(µ) =
⎧⎪⎪⎨⎪⎪⎩
1 on S−X ⊗ SB
−1 on S+X ⊗ SB.
(23)
Hence λ ∧ µ acts as 1 on S, as it should. The more interesting actions come
from ω and Θ. We take an orthonormal basis dti at a point on B, to write
c(ω) = −∑
i
cX(ωi)⊗ cB(dti) =
⎧⎪⎪⎨⎪⎪⎩
0 on S−X ⊗ SB,
−2∑i IS+i ⊗ cB(dti) on S+X ⊗ SB.
(24)
Here the action on negative spinors is trivial, because ωi are self-dual. The minus
sign is inserted to be compatible with (17). The operators IS
+
i = 12cX(ωi) are
the natural operators on the spin bundle of a hyperka¨hler 4-fold (cf. Appendix
of [17]). Similarly,
c(Θ) = −∑
cyc
cX(ωi)⊗ cB(dtj)cB(dtk) = −∑
i
cX(ωi)⊗ cB(dti) = c(ω). (25)
Here we use cB(dti)cB(dtj) = cB(dtk) for cyclic i, j, k.
The next aim is to study the covariant derivatives of the operator c(Θ)
acting on S+X ⊗ SB. Evantually we will show c(Θ) is parallel on M .
Lemma 3.4. The operator c(Θ) is parallel along fibres of M .
Proof. The fibres are just hyperka¨hler K3 surfaces, so all the c(ωi) are parallel
with respect to ∇LC .
Thus it suffices to understand the horizontal variation. Let ti be the
geodesic coordinates on B at the chosen point, so ωi can be treated as or-
thonormal over the first order neighbourhood of b ∈ B. By the Leibniz rule, for
a horizontal vector v,
∇vc(Θ) = ∑
i
cX(∇LCv ωi)⊗ cB(dti). (26)
We begin with a formula for ∇LC on vertical 1-forms, which can be readily
deduced from the discussions in Section 3.1.
Lemma 3.5. If α is a vertical 1-form, and v = ∂
∂tk
is a horizontal vector, then
when regarded as 1-forms on the fibres,
∇LCv α = Lvα − 12(Lvg
fibre)(α♯, ),
where we recall α♯ means the vertical vector dual to α with respect to gfibre.
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This entails by a short calculation
Lemma 3.6. The covariant derivative
∇LCv ωi = Lvωi + 12∑j
Iie
♯
j ∧ ιej (Lvgfibre), (27)
where ej is a local orthonormal basis of tangent vectors on X =Mb, and ιejLvgfibre
means contracting ej with the first entry of the symmetric 2-tensor Lvgfibre.
We are thus lead to calculate Lvgfibre in terms of variations of ωi. As a
remark, equalities in this Section means equalities when restricted to fibres. We
start from a relatively standard linear algebraic fact.
Lemma 3.7. A hyperka¨hler metric gfibre can be expressed in terms of the hy-
perka¨hler forms ωi by
gfibre(Y,Z)µ = ιY ω1 ∧ ιZω2 ∧ ω3 = ιY ω2 ∧ ιZω3 ∧ ω1 = ιY ω3 ∧ ιZω1 ∧ ω2. (28)
The variation of this formula is
Corollary 3.8. The Lie derivative of the fibrewise hyperka¨hler metric is given
in terms of Lvωi by
(Lvgfibre)(X,Y )µ + g(X,Y )Lvµ
=ιXLvω1 ∧ ιY ω2 ∧ ω3 + ιXω1 ∧ ιY Lvω2 ∧ ω3 + ιXω1 ∧ ιY ω2 ∧Lvω3,
(29)
where X,Y are vertical vectors.
To proceed further, we differentiate the hyperka¨hler relations ω2
1
= ω2
2
=
ω23 = 2µ and ωi ∧ ωj = 0 for i ≠ j, to write
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
L ∂
∂tk
ω1 = bkω1 + ak12ω2 + ak13ω3 mod ASD terms,
L ∂
∂tk
ω2 = ak21ω1 + bkω2 + ak23ω3 mod ASD terms,
L ∂
∂tk
ω3 = ak31ω1 + ak32ω2 + bkω3 mod ASD terms.
(30)
Here the coefficients satisfy akij = −akji, and L ∂
∂tk
µ = 2bkµ. We claim
Lemma 3.9. The Clifford action
cX(∇LC∂
∂tk
ωi) = cX(L ∂
∂tk
ωi) − bkcX(ωi) = cX(∑
j≠i
akijωj). (31)
Proof. One can show that when we substitute (30) into formula (29), the terms
involving akij vanish by an explicit calculation. The geometric interpretation is
that the coefficients akij come from hyperka¨hler rotation, which does not change
the metric.
The formula (29) thus yields
L ∂
∂tk
gfibre = bkgfibre mod ASD terms. (32)
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The geometric interpretation of bk is just the scaling of volume forms. We
substitute this into (27) to get
∇LC∂
∂tk
ωi = L ∂
∂tk
ωi − b
kωi mod ASD terms.
But when we use this to calculate cX(∇LCv ωi), the ASD terms we are ig-
noring cannot contribute, because by the representation theory of Spin(4) =
SU(2) × SU(2), the ASD terms cannot act on positive spinors. The result fol-
lows. The fact that bk drops out of the final formula is because spinors have
certain conformal invariance properties.
Proposition 3.10. Assuming the conditions of Donaldson’s adiabatic fibration,
then the operator c(Θ) acting on S+X ⊗ SB →M is parallel.
Proof. By formula (26) and (31), it is enough to check akij = 0.
Observe now that the condition dHω = 0 in Donaldson’s adiabatic fibration
means precisely that
L ∂
∂tj
ωi = L ∂
∂ti
ωj ,
which implies akij = aikj , where we write bk = akii. The condition dHµ = 0 precisely
means bk = 0.
Using also the antisymmetry akij = −akji, this shows that akij = 0 as required.
To give some sample calculations,
a1
12
= −a1
21
= −a2
11
= −b2 = 0,
and
a123 = −a132 = −a312 = a321 = a231 = −a213 = −a123 = 0.
The other calculations are entirely analogous.
Remark. The condition dHΘ = 0 means precisely
∑
i
L ∂
∂ti
ωi = 0,
although we did not need this in the above argument. So the parallel nature of
c(Θ) is weaker than the full strength of Donaldson’s conditions.
Remark. We saw in the proof above that akij = 0, bk = 0. This means L ∂
∂tk
ωi
are all ASD 2-forms. This is crucial in the next Section.
Now we use the operator c(ω) = c(Θ) to decompose S+X⊗SB into eigenspace
subbundles. A short linear algebraic computation yields
Lemma 3.11. The vector space (S+X ⊗ SB)∣x at any x ∈ X splits into a com-
plex 1-dimensional eigenspace of c(ω) with eigenvalue −6, and a complex 3-
dimensional eigenspace with eigenvalue 2. Any nonzero vector in the 1-dimensional
eigenspace defines an isomorphism between S+X and SB at the point.
Corollary 3.12. There is a canonical complex line bundle which is a parallel
subbundle of S+X ⊗ SB →M .
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Theorem 3.13. There is a canonical bundle isomorphism Φ ∶ S+X → SB
over M , which intertwines the Levi-Civita connection on SB and the connection
∇LC,+ on S+X . Morever Φ preserves the Hermitian metrics and the complex
volume forms on S+X and SB.
Proof. We observe that S+X ⊗SB →M has a Hermitian metric compatible with
∇LC,++. Morever, the complex volume forms on S+X and SB are complex sym-
plectic, so induce antilinear structures on S+X and SB, hence S
+
X ⊗ SB has a
canonical real structure, which is compatible with the connection ∇LC,++. This
real structure commutes with c(ω), so is well defined on the canonical eigenspace
line bundle. This produces a canonical real line bundle, whose unit norm sec-
tions must be parallel with respect to ∇LC,++. Since we are working on a K3
fibration over a topologically trivial base, M is simply connected, so the real
line bundle is orientable, and the two unit norm sections are globally defined.
Choose any of them.
This section of S+X ⊗SB can be viewed as a section of Hom(S+X , SB)→M .
Since ∇LC,++ is a tensor connection by the discussions in Section 3.2, the fact
that the section is parallel is precisely saying it intertwines ∇LC,+ and the Levi-
Civita connection on SB. If we scale the section by a global real constant to have
unit operator norm, then it preserves the Hermitian metric. Denote this scaled
section as Φ. Morever, since Φ is a real section, tautologically it intertwines
the antilinear structures on SB and SX , so must preserve the complex volume
form.
Remark. Viewed as a section of S+X ⊗ SB, we think of Φ as the adiabatic
analogue of the parallel spinor which characterises the torsion free G2 condition.
Remark. Via the isomorphism Φ the operator cB(dti) on SB is identified with
IS
+
i = 12cX(ωi) on S+X , at the given point.
3.4 Digression on variation of hyperka¨hler metric
We make a slightly technical detour to better understand the linear algebraic
relation between the variation of the hyperka¨hler metric Lvgfibre and the vari-
ation of the hyperka¨hler forms Lvωi, where v = ∂∂tk is a horizontal vector. We
begin by observing that the variations Lvωi for i = 1,2,3 are independent defor-
mations, in the sense that we can recover each one individually from Lvgfibre.
Lemma 3.14. We have the inverse formula of (29)
1
2
∑
j
Iie
♯
j ∧ ιejLvgfibre = −Lvωi. (33)
where v = ∂
∂tk
is a horizontal vector field and ej is an orthonormal basis on the
tangent space of the fibre.
Proof. This is equivalent to ∇LCv ωi = 0 by (27), which is equivalent to c(Θ) being
parallel on both positive and negative spin. We have showed the positive spin
case in Section 3.3, and for negative spin this is trivially true because c(Θ) = 0
there.
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Example 3.15. We give a sample calculation. Working in a standard orthonor-
mal basis on TxMb ≃ R4, if Lvω1 = 0, Lvω2 = 0, Lvω3 = dx1dx2 − dx3dx4, then
by (29),
Lvgfibre = −dx1 ⊗ dx3 − dx3 ⊗ dx1 + dx2 ⊗ dx4 + dx4 ⊗ dx2,
so 1
2
∑j Iie♯j ∧ ιejLvgfibre is zero for i = 1,2 and is −Lvω3 when i = 3.
We can interpret the linear algebraic relation between Lvωi and Lvgfibre
from the perspective of the Sp(1) = SU(2) holonomy on the K3 surfaces and
representation theory. The variation of the metric is a symmetric 2-tensor,
which is traceless because of dHµ = 0. When we have Sp(1) holonomy, the
traceless symmetric 2-tensors decompose into holonomy representations,
S2
0
(R4) = Im H⊗Λ2− = R3 ⊗Λ2−.
This means the deformation of the metric naturally has 3 components corre-
sponding to 3 ASD 2-forms, which in our concrete description is given by (33)
and (29). One can either see abstractly or using these formulae that the identi-
fication of these components with Lvωi respects the Levi-Civita connection on
the fibre.
We give some alternative formulations.
Lemma 3.16. The variation of the hyperka¨hler metric is given in terms of
L ∂
∂tk
ωi by
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(L ∂
∂tk
gfibre)(Y,Z) = −L ∂
∂tk
ω1(I1Y,Z) −L ∂
∂tk
ω2(I2Y,Z) −L ∂
∂tk
ω3(I3Y,Z)
(L ∂
∂tk
gfibre)(I1Y,Z) = L ∂
∂tk
ω1(Y,Z) +L ∂
∂tk
ω2(I3Y,Z) −L ∂
∂tk
ω3(I2Y,Z)
(L ∂
∂tk
gfibre)(I2Y,Z) = −L ∂
∂tk
ω1(I3Y,Z) +L ∂
∂tk
ω2(Y,Z) +L ∂
∂tk
ω3(I1Y,Z)
(L ∂
∂tk
gfibre)(I3Y,Z) = L ∂
∂tk
ω1(I2Y,Z) −L ∂
∂tk
ω2(I1Y,Z) +L ∂
∂tk
ω3(Y,Z).
(34)
Proof. The first equation is equivalent to (33) and is perhaps most easily verified
by thinking about independent contributions of L ∂
∂tk
ωi to L ∂
∂tk
gfibre. The other
equations are obtained by precomposing the operators I1, I2, I3.
We recall any 2-form F on X acts on spinors by
c(F ) ⋅ s = ∑
i<j
F (ei, ej)cicj ⋅ s,
where ei is an orthonormal basis of the tangent space. We shall apply this to
forms such as Lvωi.
Lemma 3.17. The Clifford action of Lvgfibre on the negative spinors is given
in terms of Lvωi by
c(Lvωk) = 1
2
∑
i,j
(Lvgfibre)(Ikei, ej)cicj = −1
2
∑
i,j
(Lvgfibre)(ei, Ikej)cicj . (35)
The action on positive spinors are zero by the ASD property of Lvωk.
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Example 3.18. In example 3.15, we have c(Lvω3) = c1c2 − c3c4 = 2c1c2, and
∑i,j(Lvgfibre)(Ikei, ej)cicj is zero for k = 1,2, and is 4c1c2 for k = 3. Similarly
∑i,j(Lvgfibre)(ei, Ikej)cicj is zero for k = 1,2, and is −4c1c2 for k = 3. In fact
this calculation implies the above lemma by a Schur’s lemma argument in the
representation theory of Sp(1) = SU(2).
Finally, holonomy principle implies
Corollary 3.19. Let w be a tangent vector to the fibre. The fibre covariant
derivatives ∇fibrew Lvωi are ASD 2-forms, and they are related to ∇fibrew Lvgfibre
in exactly the same way Lvωi is related to Lvgfibre, i.e. we can replace Lvωi by
∇fibrew Lvωi, and Lvgfibre by ∇fibrew Lvωi in the equations (33), (34), (35), and
then the new equations still hold.
3.5 Curvature operators
In this Section we examine the curvature tensor R introduced in Section 3.1,
in the context of Donaldson’s adiabatic fibration, and we show how a certain
operator constructed out of R encodes much of the information contained in
Donaldson’s conditions, which is not captured by the existence of the parallel
positive spinor in Section 3.3. We then interpret this operator as arising from
the variation of the fibrewise Dirac operators.
Since S+X is canonically isomorphic to SB → M preserving all structures,
only the negative spin remains to be understood. Given tangent vectors v,w on
M , the curvature operator R(v,w) ∈ End(TxMb) ⊕ End(TbB) canonically acts
on S−X ⊗SB. Because ∇
LC,−− is a tensor product connection, we see easily that
the End(TxMb) matrix component is responsible for the action on S−X , and the
End(TbB) matrix component is responsible for the action on SB. The latter is
essentially just the Riemannian curvature of gbase. We are thus only interested
in the EndTxMb matrix component. We can write out the curvature operator
concretely as
R(v,w) ⋅ s = −1
4
∑
i,j
⟨R(v,w)ej , ei⟩cicj ⋅ s,
where ei is an orthonormal basis of TxMb ≃ R4. The coefficients here come from
the theory of spin representation of so(4). This R(v,w) Clifford action is the
same as the curvature operator of ∇LC,− acting on spinors, by the compatibility
of ∇LC,− with the adiabatic Levi-Civita connection.
For v,w both vertical, the curvature operator R(v,w) agrees with the Rie-
mannian curvature of the fibre metric. The more interesting case is when v = ∂
∂tk
is some horizontal vector, and w is vertical.
We define three operators R˜k ∶ S
−
X → S
+
X at any given point,
R˜k =∑
l
c(el)R(el, ∂
∂tk
) = −1
4
∑
i,j,l
⟨R(el, ∂
∂tk
)ej, ei⟩clcicj ,
which can be compressed into a Hom(S−X , S+X)-valued 1-form R˜ = ∑ R˜kdtk. We
recall also the operators IS
+
k acting on S
+
X . The following delicate result is a
manifestation of Donaldson’s conditions in adiabatic spin geometry.
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Proposition 3.20. The operators R˜k satisfies ∑3k=1 IS
+
k ○ R˜k = 0, or in other
words,
(IS+
1
dt2dt3 + I
S+
2
dt3dt1 + I
S+
3
dt1dt2)R˜ = 0. (36)
Proof. Using the curvature formula (16), we have
2⟨R(el, ∂
∂tk
)ej , ei⟩ = (∇fibrei L ∂∂tk g
fibre)(el, ej) − (∇fibrej L ∂∂tk g
fibre)(el, ei).
Thus writing in summation convention for the indices i, j, l,
2R˜k = −1
4
{(∇fibrei L ∂∂tk g
fibre)(el, ej) − (∇fibrej L ∂∂tk g
fibre)(el, ei)}c(el)cicj
= −1
4
{(∇fibrei L ∂∂tk g
fibre)(Ikel, ej) − (∇fibrej L ∂∂tk g
fibre)(Ikel, ei)}c(Ikel)cicj
= −1
4
IS
+
k {(∇fibrei L ∂∂tk g
fibre)(Ikel, ej) − (∇fibrej L ∂∂tk g
fibre)(Ikel, ei)}clcicj .
The last equality uses that IS
+
k (v ⋅s) = c(Ikv) ⋅s for negative spinor s and tangent
vector v. We can simplify further by Corollary 3.19 and equation (35):
2R˜k = − 1
4
IS
+
k (∇fibrei L ∂∂tk g
fibre)(Ikel, ej)clcicj + 1
2
IS
+
k c(∇fibrej L ∂∂tk ωk)cj
=1
4
IS
+
k (∇fibrei L ∂∂tk g
fibre)(Ikel, ej)ciclcj + 1
2
IS
+
k (∇fibrei L ∂∂tk g
fibre)(Ikei, ej)cj
+
1
2
IS
+
k c(∇fibrej L ∂∂tk ωk)cj
=1
2
IS
+
k {cic(∇fibrei L ∂∂tk ωk) + (∇
fibre
i L ∂∂tk g
fibre)(Ikei, ej)cj
+ c(∇fibrei L ∂∂tk ωk)ci}
=1
2
IS
+
k {cic(∇fibrei L ∂∂tk ωk) + (∇
fibre
i L ∂∂tk g
fibre)(Ikei, ej)cj}.
The last step is because (∇fibrei L ∂∂tk ωk) acts trivially on positive spinors by the
ASD property.
Now we apply −IS
+
k and sum over k = 1,2,3. We get
−∑
k
IS
+
k R˜k = 14∑k
{cic(∇fibrei L ∂∂tk ωk) + (∇
fibre
i L ∂∂tk g
fibre)(Ikei, ej)cj}.
We recall that ∑k L ∂
∂tk
ωk = 0 is precisely the condition dHΘ = 0 in Donaldson’s
adiabatic fibration. Therefore the first summand is zero, and
∑
k
IS
+
k R˜k = −14 ∑k,i,j
(∇fibrei L ∂∂tk g
fibre)(Ikei, ej)cj.
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Now we write out the RHS by Corollary 3.19 and equation (34). One obtains
∑
k
IS
+
k R˜k = − 14∑i,j
∇
fibre
i (∑
k
L ∂
∂tk
ωk)(ei, ej)cj
−
1
4
∑
i,j
∇
fibre
i (L ∂∂t2 ω3 −L ∂∂t3 ω2)(I1ei, ej)cj
−
1
4
∑
i,j
∇
fibre
i (L ∂∂t3 ω1 −L ∂∂t1 ω3)(I2ei, ej)cj
−
1
4
∑
i,j
∇
fibre
i (L ∂∂t1 ω2 −L ∂∂t2 ω1)(I3ei, ej)cj.
But we recall that L ∂
∂ti
ωj = L ∂
∂tj
ωi is precisely Donaldson’s condition dHω = 0.
Thus this whole expression ∑k IS+k R˜k vanishes as required.
Remark. This proof makes essential use of Donaldson’s adiabatic fibration
conditions. The reader may compare this with the proof of the fact that c(Θ)
is parallel.
Geometrically, the operator R˜ arises from the variation of the fibrewise
Dirac operators
D− =
4
∑
i=1
c(ei)∇LC,−i ∶ Γ(M,S−X)→ Γ(M,S+X).
Lemma 3.21. The variation of the fibrewise Dirac operators is
[∇LC∂
∂tk
,D−] = −R˜k − 1
2
∑
i,j
(L ∂
∂tk
gfibre)(ei, ej)cj∇LC,−ei . (37)
for an orthonormal basis ei on the fibre.
Proof. We compute over the first order neighbourhood of b ∈ B by taking coor-
dinates xi, i = 1,2,3,4, and using the summation convention:
[∇LC∂
∂tk
,D−] = [∇LC∂
∂tk
, c(dxi)∇LC,−∂
∂xi
] = [∇LC∂
∂tk
, c(dxi)]∇LC,−∂
∂xi
+ c(dxi)[∇LC∂
∂tk
,∇
LC,−
∂
∂xi
]
= c(∇LC∂
∂tk
dxi)∇LC,−∂
∂xi
− c(dxi)R( ∂
∂xi
,
∂
∂tk
)
= c(∇LC∂
∂tk
dxi)∇LC,−∂
∂xi
− R˜k.
Now using the formula for taking derivatives on 1-forms, Lemma 3.5,
∇LC∂
∂tk
dxi = L ∂
∂tk
dxi −
1
2
(L ∂
∂tk
gfibre)((dxi)♯, ) = −1
2
(L ∂
∂tk
gfibre)((dxi)♯, ).
Now if we take ei an orthonormal basis on the tangent space of the fibre, then
c(∇LC∂
∂tk
dxi)∇LC,−∂
∂xi
= −1
2
(L ∂
∂tk
gfibre)(ei, ej)cj∇LC,−ei .
The result follows.
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Proposition 3.22. The variation of the Dirac operators satisfies
∑
k
IS
+
k [∇LC∂
∂tk
,D−] = 0. (38)
Proof. We apply (34) to get
− (L ∂
∂tk
gfibre)(ej , ei)cj
={(L ∂
∂tk
ω1)(I1ej , ei) + (L ∂
∂tk
ω2)(I2ej , ei) + (L ∂
∂tk
ω3)(I3ej, ei)}cj
=
3
∑
l=1
(L ∂
∂tk
ωl)(ej , ei)c(−Ilej) = −
3
∑
l=1
IS
+
l (L ∂
∂tk
ωl)(ej, ei)c(ej)
=
3
∑
l=1
IS
+
l c(ιeiL ∂
∂tk
ωl),
Hence by the previous lemma,
[∇LC∂
∂tk
,D−] = −R˜k + 1
2
3
∑
l=1
IS
+
l c(ιeiL ∂
∂tk
ωl)∇LC,−ei .
We have seen that ∑k IS+k R˜k = 0, so it remains to calculate
∑
k,l,i
IS
+
k I
S+
l c(ιeiL ∂
∂tk
ωl)∇LC,−ei
= ∑
k,l,i,j
ǫkljI
S+
j c(ιeiL ∂
∂tk
ωl)∇LC,−ei −∑
k,i
c(ιeiL ∂
∂tk
ωk)∇LC,−ei
=∑
i,j
IS
+
j c(ιei∑
k,l
ǫkljL ∂
∂tk
ωl)∇LC,−ei −∑
i
c(ιei∑
k
L ∂
∂tk
ωk)∇LC,−ei .
Here we used that the operators IS
+
i satisfy the quaternionic relations
IiIj = −δij +∑
k
ǫijkIk.
Now we observe ∑k,l ǫkljL ∂
∂tk
ωl = 0 is equivalent to dHω = 0, and ∑k L ∂
∂tk
ωk = 0
is equivalent to dHΘ = 0, so the whole expression vanishes, and the result
follows.
4 Fueter equations, adiabatic G2 instantons, and
moduli bundles
The work of Haydys [12], whose ideas we shall borrow here, relates a degenerate
version of Spin(7) instantons over the spinor bundle of a Riemannian 4-fold, to
the Fueter equation for sections of some ASD moduli bundle over the 4-fold.
This picture of higher dimensional gauge theory reducing to lower dimensional
Fueter type equations, is a quite common phenomenon.
Here we wish to understand how this works for solutions of the adiabatic G2
instanton equation (8). After briefly recalling the definitions of Fueter equations
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in Section 4.1, we introduce in Section 4.2 a moduli bundleM over the base B,
whose fibres are moduli spaces of ASD connections. We show how to put the
relevant structures on the moduli bundle to make sense of the Fueter equation,
and how to do computations with them. In Section 4.3 we show that under
appropriate smoothness assumptions, the adiabatic G2 instantons are equiva-
lent to solutions of the Fueter equations on the moduli bundle, in a sense to be
made clear. We then relate this to the variational viewpoint in Section 4.4, and
interpret this correspondence as a manifestation of the equality of a subman-
ifold theoretic Chern-Simons functional with a gauge theoretic Chern-Simons
functional.
This turns out to be intimately related to the fact that, we can define a
canonical 3-form, a canonical 4-form, and a fibre volume form on the moduli
bundle, exactly as the data appearing in Donaldson’s adiabatic fibration, and
satisfying exactly the analogues of the relevant integrability conditions. (cf.
Section 4.4, 4.5).
4.1 The Fueter equation
The Fueter equation over a Riemannian 3-fold B involves a fibre bundleM over
B with hyperka¨hler fibres, equipped with an Ehresmann connection ∇M, and
we require that each tangent space of B acts as the imaginary quaternions on
the tangent bundle of the fibre. More concretely, take an orthonormal basis
∂
∂t1
, ∂
∂t2
, ∂
∂t3
of TbB, then these act on the tangent bundle of the fibreMb, by the
standard hypercomplex triple I1, I2, I3. Using this set of data, one can define
the (nonlinear) Dirac type operator
/D = I1∇M∂
∂t1
+ I2∇
M
∂
∂t2
+ I3∇
M
∂
∂t3
on sections of the bundle M → B. Here ∇M∂
∂ti
s is the vertical projection of the
vector ds( ∂
∂ti
). The Fueter equation is
/Ds = 0. (39)
Remark. There is also a parallel story related to Spin(7)manifolds over 4-folds
as discussed in [12].
4.2 The moduli bundle
We need to construct an appropriatemoduli bundleM overB with additional
data, to make sense of the Fueter equation. For backgrounds on moduli space
of bundles on K3 surfaces, see [17]. Recall we have a principal U(r) bundle P
over the 7-foldM . The restriction to each K3 fibresMb specifies the topological
data to determine a Mukai vector v, thus giving the ASD instanton moduli
space on Mb with Mukai vector v, which in general is a hyperka¨hler manifold
under the appropriate smoothness assumptions. One can think of this moduli
space as obtained by applying to each K3 fibre Mb a standard hyperka¨hler
quotient construction from the affine Euclidean space Ab of all connections on
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P ∣Mb →Mb, under the gauge group action, i.e.
Mb = Ab///Gb = µ−1b (0)/Gb,
where µb is the fibrewise hyperka¨hler moment map, and Gb is the gauge group
of P ∣Mb → Mb. We assume 0 is a regular value for all the moment maps µb,
and the gauge groups act freely (modulo central S1 which acts trivially), so
no analytical issue arises and every construction can be done smoothly. At
least set theoretically, these ASD moduli spaces Mb shall be the fibres of the
moduli bundle M. Similarly, the spaces Ab shall be the fibres of the inifinite
dimensional bundle A → B, and the spaces µ−1b (0) shall be the fibres of the
bundle µ−1(0) → B. Schematically, one is encouraged to think of the moduli
bundle as a ‘relative hyperka¨hler quotient’: M = A///G = µ−1(0)/G, meaning
by this no more than a fibrewise construction.
Remark. The convention we are using for the hyperka¨hler metric on K3 sur-
faces is (cf. [17])
gMb(a, b) = 1
4π2 ∫Mb⟨a, b⟩dVolMb , a, b ∈ TAMb, (40)
ωMi (a, b) = gMb(Iia, b) = − 14π2 ∫Mb Tr(a ∧ b)∧ ωi. (41)
Iia = −a ○ Ii. (42)
The tangent space to the moduli space TAMb is identified as the subspace
of TAAb = Ω1(Mb, adP ∣Mb) defined by the linearised ASD equation and the
Coulumb gauge condition. For later use, we will denote the orthogonal projec-
tion operator to this subspace as prTAM.
The tangent vectors of B are naturally identified, via contraction with
ω, with the hyperka¨hler forms on the fibres of M → B, so naturally induce
hyperka¨hler forms on the fibres ofM→ B. This gives the imaginary quaternion
action needed to define the Fueter equation.
Our next goal is to define a canonical horizontal distribution on the
moduli bundle.
Now P → M → B displays P as a fibre bundle over B. Donaldson’s adia-
batic fibration gives a horizontal distribution H for M → B. Given a connection
A for the bundle P →M , there is a naturally induced connection H˜ on P → B
covering H ; viewing connections as a way to lift vector fields, this is just the
composition of lifting from B to M , and then from M to P .
A choice of H˜ covering H gives an infinitesimal trivialisation of P → B over
a first order neighbourhood of b ∈ B, so induces an infinitesimal trivialisation,
i.e. a connection ∇H˜ of the bundle A → B. As a covariant derivative, this
takes a section s˜ of A → B, and outputs ∇H˜∂
∂ti
s˜, which at each point b ∈ B takes
value in the infinite dimesnional Euclidean space Ω1(Mb, adP ∣Mb). This induces
a submanifold connection ∇
H˜
on the fibre bundle µ−1(0)→ B. Given a section
s˜ for µ−1(0) → B, the induced connection ∇H˜ s˜ at the point b ∈ B is just ∇H˜ s˜
orthogonally projected in Ω1(Mb, adP ∣Mb) to the tangent space of µ−1b (0).
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Now we can describe the canonical horizontal distribution on the moduli
bundleM→ B. Take a section s, lift it to a section s˜ of the bundle µ−1(0)→ B,
calculate ∇
H˜
s˜, and then project down to the quotient M → B: this is the
covariant derivative of s with respect to the canonical horizontal distribution.
This construction depends on the choice of the lift H˜ and the lift s˜, but the
ambiguity lies in the gauge group Gb action and is invisible to the quotient.
Proposition 4.1. There exists a canonical horizontal distribution ∇M on the
moduli bundle M→ B. In particular the Fueter equation is well defined.
We need to understand how to compute with this canonical horizontal
distribution in practice. Let A be a connection on P → M , which induces the
lift H˜ of H . The section s of M → B is represented by a section s˜ of A → B,
which in turn is represented by a connection A′ of P →M . Here A′ restricted
to the K3 fibres precisely gives the fibrewise values of s˜ in Ab. We can think
of connections A, A′ as covariant derivatives ∇A, ∇A
′
. The quantity ∇H˜ s˜ takes
value at each b ∈ B in the vector space Ω1(Mb, adP ∣Mb).
Lemma 4.2. The covariant derivative ∇H˜∂
∂ti
s˜ at the point b ∈ B can be repre-
sented as the commutator [∇A∂
∂ti
,∇A
′] restricted to the fibre Mb. Here we use
the horizontal distribution H to lift ∂
∂ti
to M .
Proof. The discussion only involves the first order neighbourhood of b ∈ B. We
can suppose the local structure of the bundle P →M to be the Cartesian product
of P ∣Mb →Mb with the first order neighbourhood of b ∈ B, and the component
of the connection ∇A∂
∂ti
to be just the trivial ∂
∂ti
. Then the result is clear.
Corollary 4.3. If the connection A on P → M represents the section s of
M → B, then ∇M∂
∂ti
s is represented by the contraction of the curvature ι ∂
∂ti
FA
orthogonally projected to TAM⊂ Ω1(Mb, adP ∣Mb).
Proof. If we take A = A′ in the above lemma, we find ι ∂
∂ti
FA represents ∇
H˜
∂
∂ti
s˜.
Now we recall the description of hyperka¨hler quotient construction (cf. [17])
gives a canonical orthogonal decomposition
Ω1(Mb, adP ∣Mb) =TAM⊕
(LieGb)A⊕ I1(LieGb)A⊕ I2(LieGb)A⊕ I3(LieGb)A, (43)
where TAM is invariant under the quaternionic action, and (LieGb)A are the
linearised deformations of A∣Mb generated by the gauge group action, i.e.
(LieGb)A = {dA∣MbΦ ∶ Φ ∈ Ω0(Mb, adP ∣Mb)}.
The orthogonal projection to TAM is just the natural consequence of our pre-
scription.
Corollary 4.4. The expression of the nonlinear Dirac operator defining the
Fueter equation is
/Ds = prTAM∑ Ii(ι ∂
∂ti
FA).
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Proof. The only subtlety is to notice is that the action of complex structure on
bundle valued 1-forms is compatible with the action on the tangent bundle of
the moduli spaces, when we do the hyperka¨hler reduction.
4.3 Fueter equation and adiabatic G2 instantons
We can now establish the picture that under appropriate smoothness assump-
tions (the moment maps have zero as a regular value, and the gauge group
action is free modulo central S1), adiabatic G2 instantons should be equivalent
to Fueter sections on the moduli bundle.
Remark. For U(r) connections on a hyperka¨hler K3 surface, Serre duality im-
plies that the obstruction space for deformations of ASD connections vanishes
if and only if the ASD connection is irreducible. Thus the smoothness assump-
tion just means irreducibility. This Section presents the case of U(r) adiabatic
G2-instantons, but the arguments also works for PU(r) adiabatic G2-instantons
with cosmetic changes.
Proposition 4.5. In our previous setup, if A is an adiabatic G2 instanton, then
the section s of the moduli bundleM→ B represented by A satisfies the Fueter
equation.
Proof. We compute /Ds using the basic linear algebraic model in Section 2.1:
∗4(∑ Iiι ∂
∂ti
FA) = −ι ∂
∂ti
FA ∧ ωi,
Here complex structures Ii act on 1-forms by the minus of precomposition,
so picks up a negative sign. On the other hand, the (1,1) type component
of FA in the horizontal-vertical decomposition of forms can be computed by
F
(1,1)
A = ∑dti ∧ ι ∂∂ti FA, so
F (1,1) ∧Θ = −∑
cyc
dti ∧ ι ∂
∂ti
FA ∧ ωidtjdtk = (∑
i
ι ∂
∂ti
FA ∧ ωi) ∧ dt1dt2dt3.
Recall that adiabatic G2 instantons are ASD when restricted to K3 fibres. The
claim is now clear.
The next aim is to show the converse.
Proposition 4.6. If s is a section of the moduli bundle solving the Fueter
equation, then we can find a representing connection A which is an adiabatic
G2-instanton.
Proof. Since we are working over a contractible basis, and we are assuming the
gauge group action is essentially free, we can always lift s to be represented by
some connection A′ on P → B. Using the orthogonal decomposition (43) in
the description of the hyperka¨hler quotient, if A′ defines a Fueter section, then
∑i Iiι ∂
∂ti
FA′ has vanishing TA′M component, so can be written as
dA′Φ0 + I1dA′Φ1 + I2dA′Φ2 + I3dA′Φ3,
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where Φi live in Γ(Mb, adP ∣Mb) on each K3 fibre. Modulo the issue of central
constant in u(1), the choices of Φi are unique. Now we modify A′ to A = A′ +
∑Φidti, which can be defined in a smooth way independent of the orthonormal
basis dti. Then we have ∑ Iiι ∂
∂ti
FA = dAΦ0, i.e.
F
(1,1)
A ∧Θ = ∑ ι ∂∂ti FA ∧ ωidt1dt2dt3 = (∗4dAΦ0) ∧ λ. (44)
Thus we have produced the adiabatic monopole equation. But by Section 2.4,
adiabatic G2 instantons are equivalent to adiabatic G2 monopoles.
Proposition 4.7. Two adiabatic G2 instantons representing the same Fueter
section are related by two kinds of operations. The first is to apply a gauge
transformation of P →M . The second is to add to the connection A a 1-form
on B with values in the central u(1) ⊂ Γ(Mb, adP ∣Mb).
Proof. Let A and A′ be the two adiabatic G2 instantons. On each fibre, we
can apply some gauge transformation to move from A∣Mb to A′∣Mb , and by the
free action assumption this is unique up to an S1 worth of ambiguity. On
a contractible base B, we can find a smooth gauge transform to achieve so
globally. So without loss of generality, A and A′ agree as connections on each
fibre. Then A = A′ +∑Φidti, and our previous calculations imply dAΦi = 0 on
each K3 fibre, so Φi have to take value in the central u(1).
Remark. If the smoothness assumptions fail on part of the moduli spaces
Mb, the discussion is still valid if the Fueter section avoids the singular locus
of the moduli bundle. This is intimately related to the question of extending
the instanton-Fueter correspondence to (partial) compactification of the moduli
bundle, as mentioned by Haydys [12]. An interesting question is to understand
what happens to the actual G2 instantons arising from perturbations of the
adiabatic model, but we shall not address this issue in this paper.
4.4 Canonical 3-form and 4-form on the moduli bundles
The moduli bundle is equipped with the fibrewise hyperka¨hler structures ωMi ,
the imaginary quaternion action of TbB on the tangent bundle of the fibre Mb,
and the canonical horizontal distribution ∇M. This is curiously analogous to
some of the data appearing in Donaldson’s adiabatic fibration. More precisely,
this specifies a canonical 3-form and a canonical 4-form on M, defined by
ωM = ∑ωMi dti, ΘM = −∑
cyc
ωMi dtjdtk,
where dt1, dt2, dt3 are an orthonormal basis of TbB, and we use the horizontal
distribution to graft ωMi from fibres toM. This is easily seen to be well defined
independent of the choice of orthonormal basis.
The canonical 4-form is motivated by a variational viewpoint on the Fueter
equation. We consider a map N ∶ [0,1]×B →M, which at fixed time t restricts
to a section st of the moduli bundle, and defines a homotopy between a fixed
section s0 and s = st=1. Using the argument in Section 2.3, it is not hard to see
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Lemma 4.8. Critical points of the Chern-Simons type functional on s
CSassociative(s) = ∫[0,1]×BN
∗ΘM
are precisely the solutions to the Fueter equation.
Remark. We choose this notation in analogy with our discussions of adiabatic
associative sections, and we think of N as a cylindrical submanifold in M. It
will turn out to be invariant under homotopies fixing the boundary, so we think
of this as a function of s rather than N .
Now we represent the 1-parameter family of sections of the moduli bun-
dle by a 1-parameter family At of connections on P → M joining A0 to A,
parametrised by t ∈ [0,1]. Restricted to the K3 fibres, the connections At will
be ASD. It is interesting to calculate the above Chern-Simons functional from
the gauge theoretic viewpoint.
Proposition 4.9. The above Chern-Simons type functional agrees with the
Chern-Simons functional (11) defined by viewing At as connections, i.e.
CSassociative(s) = CSinstanton(A) = −1
4π2 ∫M×[0,1]Tr(FAt ∧
∂At
∂t
) ∧Θ ∧ dt. (45)
Proof. We need to understand the volume element N∗ΘM. This means to
evaluate
ΘM(dst( ∂
∂t1
), dst( ∂
∂t2
), dst( ∂
∂t3
), prTAtM
∂At
∂t
)
Now by the definition of ΘM and the description of the canonical horizontal
distribution, this is
−∑
i
ωi
M(prTAtM(ι ∂∂ti FAt), prTAtM
∂At
∂t
) = −gMb(∑
i
Ii(ι ∂
∂ti
FAt), prTAtM
∂At
∂t
),
where gM is the moduli L2 metric (40). It is convenient that we can drop
the orthogonal projection operator of ∑i Ii(ι ∂
∂ti
FAt), because it is paired with
prTAtM
∂At
∂t
∈ TAtM.
Now recalling the construction of the hyperka¨hler quotient and the descrip-
tion of the symplectic forms (41), one can write the above formula as
1
4π2 ∫Mb∑i
Tr((ι ∂
∂ti
FAt) ∧ prTAtM
∂At
∂t
) ∧ ωi.
This can be interpreted as
N∗ΘM = 1
4π2
∫
Mb
∑
i
Tr((ι ∂
∂ti
FAt) ∧ prTAtM
∂At
∂t
) ∧ ωi ∧ dt1dt2dt3dt
= −1
4π2
∫
Mb
Tr(F (1,1)At ∧ prTAtM
∂At
∂t
) ∧Θ ∧ dt.
Since the connections are ASD when restricted to fibres, this is equal to
−1
4π2
∫
Mb
Tr(FAt ∧ prTAtM
∂At
∂t
) ∧Θ ∧ dt.
32
Thus the Chern-Simons type functional
CSassociative(s) = −1
4π2 ∫B×[0,1]∫Mb Tr(FAt ∧ prTAtM
∂At
∂t
) ∧Θ ∧ dt
= −1
4π2
∫
M×[0,1]
Tr(FAt ∧ prTAtM
∂At
∂t
) ∧Θ ∧ dt.
Now we observe ∂At
∂t
is the variation of a family of ASD connections on Mb, so
is tangent to µ−1b (0). This means ∂At∂t agrees with prTAtM ∂At∂t up to an element
dAtΦ in (LieGb)At. Now using the Bianchi identity dAtFAt = 0, and dΘ = 0,
∫
M
Tr(FAt ∧ dAtΦ) ∧Θ = ∫
M
d{Tr(FAt ∧Φ) ∧Θ}.
Here M is noncompact, so we need to be a bit careful: M is fibred over B, and
the boundary of M is just the preimage of ∂B, denoted π−1(∂B). Using Stokes
theorem, we can rewrite the above as
∫
π−1(∂B)
Tr(FAt ∧Φ) ∧Θ = −∫
∂B
∑
cyc
dtjdtk ∫
Mb
Tr(FAt ∧Φ) ∧ ωi = 0.
The final term is zero, because FAt is ASD.
The upshot is that we can drop the projection operator, to get (45).
This provides a deeper explanation why the adiabatic G2 instantons cor-
respond to solutions of the Fueter equation on the dual side: they are critical
points of essentially the same Chern-Simons functional. This suggests the cor-
respondence may be a classical manifestation of a quantum duality, but it is
beyond the author’s competence to explore the quantum theory.
Remark. Here is a subtlety. The gauge theoretic Chern-Simons functional can
be defined for general connections, or for connections which restrict to ASD
connections on K3 fibres. The concept of critical points will change, because we
allow for different classes of variations. So it is more accurate to say adiabatic
G2 instantons are particular solutions to the critical point condition. Similar
remarks apply to the parallel discussion about the 3-form ωM below.
Another interesting consequence of the above proposition is
Proposition 4.10. The canonical 4-form ΘM is closed.
Proof. We can replace the base B by any small smooth domains B′ ⊂ B in the
above, and express
∫[0,1]×B′ N
∗ΘM
as a gauge theoretic Chern-Simons functional by (45), which is well defined up
to boundary fixing homotopies because dΘ = 0. But by Stokes theorem, for this
homotopy invariance to be true on any cylindrical maps N ∶ [0,1]×B′ →M, it
is necessary and sufficient for ΘM to be closed.
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Now we do an analogous discussion for the canonical 3-form ωM. Consider
Σ ⊂ B a 2-submanifold with boundary. We can restrict P → M over the locus
Σ to a principal bundle P ∣Σ →M ∣Σ. Recall ω on M restricted to M ∣Σ is closed,
because dfω = 0, dHω = 0. Conversely, if this happens for all Σ, then dfω = 0,
dHω = 0.
Let s ∶ Σ→M∣Σ be any section. Fix an arbitrary section s0 as a base point,
so s(Σ) and s0 are viewed as the boundary of the 3-foldN ∶ [0,1]×Σ →M∣Σ, and
at each time t we have a section st ∶ Σ→M∣Σ. We consider the Chern-Simons
type functional
CSholo(s) = ∫[0,1]×ΣN
∗ωM, (46)
which is a priori dependent on N . This functional can be interpreted in terms
of gauge theory onM , by representing st as a 1-parameter family of connections
At on P ∣Σ →M ∣Σ. By a computation very similar to before,
Proposition 4.11. The above Chern-Simons type functional is
CSholo(s) = 1
4π2 ∫[0,1]×M ∣Σ Tr(FAt ∧
∂At
∂t
) ∧ ω ∧ dt. (47)
The key point is that the RHS of (47) is invariant under boundary fixing
homotopies, because dω = 0 on M ∣Σ. Thus so must the LHS. This implies
Proposition 4.12. The canonical 3-form ωM is closed when restricted toM∣Σ.
Now since this is true for any choice of Σ, we know dωM is a type (3,1)
form. This is analogous to the following conditions in Donaldson’s adiabatic
fibration
dfω = 0, dHω = 0,
which says exactly dω is a type (3,1) form.
Remark. Conan Leung and J-H Lee [16] had the idea of defining canonical 3-
forms and 4-forms on moduli spaces of submanifold theoretic and gauge theoretic
objects, which are related to ours in spirit but not in details.
4.5 Canonical fibre volume form on the moduli bundle
We see in Section 4.4 that most of the conditions in Donaldson’s adiabatic
fibrations have exact analogues for the moduli bundle M → B. This could be
taken further to suggest that there is some kind of special fibration structure
on 3 + 4m dimensions, which is analogous to G2 geometry. To provide further
evidence in this direction, we describe the canonical fibre volume form on
the moduli bundle, which is analogous to µ in Donaldson’s adiabatic fibration,
and we show it satisfies the relevant integrability condition.
On each fibre Mb of the moduli bundle, there is a volume form given by
µM = 1(2m)!(ω
M
1
)2m = 1(2m)!(ω
M
2
)2m = 1(2m)!(ω
M
3
)2m,
where m is the quaternionic dimension of M∣b. Using the canonical horizontal
distribution ∇M, this µM is defined as a vertical form on the moduli bundle in
degree 4m.
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Proposition 4.13. The canonical fibre volume form µM satisfies the integra-
bility condition d∇Mµ
M = 0 with respect to the horizontal distribution ∇M.
Remark. This is exactly the analogue of the condition dHµ = 0 for Donaldson’s
adiabatic fibrations. The notation d∇M has the same meaning as dH , namely a
certain component of the exterior differentiation operator d.
Proof. We use ∇M to give an infinitesimal trivialisation around Mb for b ∈ B;
by the definition of ∇M, this is induced by an infinitesimal trivialisation of
P →M → B around P ∣Mb →Mb → b, compatible with the horizontal distribution
H . Let ∂
∂t
∈ TbB be a tangent vector, which has a horizontal lift to the moduli
bundle, denoted still by ∂
∂t
. We are required to show the Lie derivative L ∂
∂t
µM =
0, which in the trivialisation can be written simply as ∂
∂t
µM = 0.
Let aj for j = 1,2, . . . ,4m be an orthonormal basis of the tangent space of
A ∈ Mb. We can think of aj concretely as ad(P ∣Mb)-valued 1-forms on Mb. As
a general fact in Riemannian geometry, the variation of the fibrewise volume
can be written in terms of variation of Riemannian metric
∂
∂t
µM = 1
2
∑
j
∂gMb
∂t
(aj , aj).
The crucial observation is that TAM is a quaternionic module: for eack k, the
Ikaj for j = 1, . . . 4m is also an orthonormal basis of TAMb. Hence
∂
∂t
µM = 1
8
∑
j
{∂g
Mb
∂t
(aj , aj) +
3
∑
k=1
∂gMb
∂t
(Ikaj , Ikaj)}.
Now recalling the formula for the L2 moduli metric (40), we have
∂gMb
∂t
(aj , aj) = 1
4π2
∫
Mb
−Tru(r){∂gb
∂t
(aj , aj)}dVolMb .
Here −Tru(r) is the trace pairing on the ad(P ∣Mb) part, and ∂gb∂t is a pointwise
symmetric bilinear form on the 1-form part of aj , which is obtained by the Lie
derivative of the fibrewise K3 metric gMb .
Thus up to a numerical factor ∂
∂t
µM is the integral of
−
1
2
Tru(r){∂gb
∂t
(aj , aj) +
3
∑
k=1
∂gb
∂t
(Ikaj , Ikaj)}dVolMb .
A pointwise calculation on the K3 surface Mb shows that this integrand is
−Tru(r){gMb(aj, aj)}
∂
∂t
dVolMb .
This is because if we average the symmetric bilinear form ∂gb
∂t
over an orthonor-
mal basis with respect to gb, we will get a trace scalar multiplied by gb.
But dHµ = 0 precisely means the fibre volume form does not have first
order variation, so ∂
∂t
dVolMb = 0. This implies the above integrand is zero, so
the integral ∂
∂t
µM = 0 as claimed.
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Remark. The fibre volume ∫Mb µM is in fact intimately related to Donald-
son’s polynomial invariants, and the Proposition gives a local mechanism for its
deformation invariance in this special case. (Compare Section 5.1)
We can now collect the integrability conditions on the canonical forms we
constructed on the moduli bundle. The reader will not fail to notice the striking
resemblance with the conditions defining Donaldson’s adiabatic fibrations (2),
(3), (4).
Theorem 4.14. The canonical 3-form ωM, the canonical 4-form ΘM, the base
form λ and the canonical fibre volume form µM satisfy the equations
dfω
M = 0, d∇MωM = 0, dfλ = 0, (48)
d∇Mµ
M = 0, dfΘM = 0, (49)
d∇MΘ
M = 0. (50)
The same results hold if we replace the structure group by PU(r), with
cosmetic changes in the arguments. It suffices to say there is also a trace pairing
on LiePU(r) ≃ LieSU(r), and the numerical normalisation we use is the trace
pairing for the fundamental representation of LieSU(r).
5 Mukai dual fibration
Given a data set π ∶M → B, with (ω,λ,Θ, µ,H) defining Donaldson’s adiabatic
fibration , we wish to produce a dual fibration, by replacing every K3 fibre with
a Mukai dual K3 fibre. For backgrounds on Mukai duality in the K3 setting,
the reader is advised to consult the companion paper [17].
More precisely, our setup is a parametrised version of the Mukai dual con-
struction (cf. [17]). Namely, we take a Hermitian bundle over E → M with
associated PU(r) bundle P →M , such that over each fibre K3 surface X =Mb,
the Mukai vector v of the restricted bundle E∣b →X has Mukai pairing (v, v) = 0;
thus the moduli space X∨ = M∨b of irreducible HYM connections on E∣b → X
(called the Mukai dual and assumed to be compact and nonempty) must be
K3 surfaces, and when b ∈ B varies they fit together topologically into the
moduli bundle M∨ → B (compare with Section 4.2). The universal family of
ASD PU(r)-connections exists automatically on a PU(r)-bundle over the fi-
bred product M ×B M
∨, and since M ×B M
∨ has no torsion cohomology, this
lifts to a Hermitian vector bundle E →M ×B M∨, such that for each b ∈ B, its
restriction E ∣b → X ×X∨ is a universal family of irreducible HYM connections
on E∣b →X .
In this setup, we show we can put the structure of Donaldson’s adiabatic fi-
bration onM∨, compatible with the hyperka¨hler structure onM∨b . We shall call
the resulting data the Mukai dual fibration. This is done from two perspec-
tives: verifying Donaldson’s maximal submanifold equation by a cohomological
computation (cf. Section 5.1), and the geometric construction of all the data
from the moduli bundle interpretation (cf. Section 5.2). The cohomological
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approach compresses the data more efficiently, but the geometric approach is
essential for comparisons of gauge theoretic and submanifold theoretic objects
on the two fibrations.
The rest of the Chapter is devoted to the question of putting an opti-
mal global connection on the universal bundle E → M ×B M∨, whose restric-
tion for each fixed b ∈ B is just the given HYM connections on the fibres of
E ∣b → Mb ×M∨b . This is a major ingredient in the Nahm transform treated in
Chapter 6. There are two main steps: constructing a (twisted) triholomor-
phic connection on each E ∣b →Mb ×M∨b , and then further extend these to a
(twisted) generalised adiabatic G2 instanton on E → M ×B M∨, to be de-
fined in the text. The first step is dealt with in the companion paper [17], and
the primary consequence of the existence of such triholomorphic connections is
that M can be regarded as the double Mukai dual fibration (cf. Section
5.3). The second step deals with a highly overdetermined equation, and the
question of existence relies heavily on the integrability inherent in Donald-
son’s adiabatic fibrations. For technical convenience to do with the nontrivial
centre in U(r), we choose to work first with PU(r) connections and finally lift
to U(r) connections.
5.1 Duality of maximal submanifold equations
We shall examine the possibility of dualisation by testing Donaldson’s maximal
submanifold equation for the positive section h ∶ B → H2(X) = H2(K3) (cf.
Section 2.2). This is deceptively simple. Recall from Section 2.2 that the hy-
perka¨hler forms satisfy [ωi] = ∂h∂ti . We define a map h∨ ∶ B →H2(X∨,R) by the
slant product
h∨ = µ˜ ○ h, µ˜(α) = − 1
2r
p1(ad(E ∣b)) ∪ α/[X],∀α ∈H2(X). (51)
Here p1 means the first Pontrjagin class, and µ˜ ∶ H
2(X) → H2(X∨) is the
higher rank generalisation of Donaldson’s µ-map in the context of 4-manifold
polynomial invariants. The hyperka¨hler forms on a K3 and on the Mukai dual
are related by [ωX∨i ] = µ˜([ωi]), their volumes are equal: ∫X∨[ωX
∨
i ]2 = ∫X[ωi]2,
and µ˜ is an isometry on the second real cohomology (cf. [17]). For rank 2
bundle case, this volume amounts to the well known polynomial invariants on
K3 surfaces. From these facts, it is immediate that
Proposition 5.1. If h is the positive section encoding Donaldson’s adiabatic
fibration, then h∨ also satisfies the maximal submanifold equation. Morever
∂h∨
∂ti
= [ωX∨i ] ∈ H2(X∨), so the positive section h∨ is compatible with the hy-
perka¨hler structure on M∨ → B.
Proof. If we start from any positive section h ∶ B → H2(X), not necessarily
maximal, then since µ˜ is isometric, h∨ = µ˜ ○ h has the same area functional.
Maximal submanifolds are the critical points of the area functional, hence if h
is a maximal submanifold so must h∨.
The upshot is that by Donaldson’s result (see the review in Section 2.2),
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this dual positive section h∨ encodes the data of a dual adiabatic fibration on
M→ B, which we see is compatible with fibrewise hyperka¨hler structures.
5.2 Duality of Donaldson’s adiabatic fibrations
We wish to enhance the cohomological understanding of the Mukai dual fibration
to a geometric understanding. HYM connections induce PU(r) ASD instantons,
so we readily specialise the PU(r) version of Theorem 4.14 to achieve
Theorem 5.2. Under the setup of the introduction to this chapter, the bundle
π∨ ∶ M∨ → B inherits the canonical 3-form ω∨, the canonical 4-form Θ∨, the
base 3-form λ and the fibre volume form µ∨ from its interpretation as a moduli
bundle, and these structures satisfy all the requirements of Donaldson’s adiabatic
fibration. Morever, the fibres of π ∶ M → B and π∨ ∶ M∨ → B have the same
fibre volume 1.
In other words, the structures on the moduli bundle give the geometric
realisation of the Mukai dual fibration provided by Proposition 5.1. This is
useful for comparing gauge theory/submanifolds on M and M∨.
Theorem 5.3. Adiabatic associative sections on the Mukai dual fibration are
equivalent to adiabatic G2 instantons on the principal PU(r)-bundle P →M up
to gauge equivalence.
Proof. We showed in Section 4.3 that adiabatic G2 instantons are equivalent
to the solutions of the Fueter equation on the moduli bundle; the modification
to PU(r) bundles is cosmetic. Here M∨ → B is the moduli bundle with its
canonical structures, and Proposition 2.2 says adiabatic associative sections are
the same as solutions to the Fueter equation, hence the result.
5.3 The universal connection I: triholomorphic property
We aim to put an optimal connection on the global universal bundle E →M ×B
M∨ over the fibred product. We focus first on the associated PU(r) bundle
and work on X = Mb for any fixed b ∈ B, and recall from the companion
paper [17] how to extend the tautological family of irreducible ASD PU(r)
connections on X parametrised by τ ∈ X∨, into a triholomorphic PU(r)
connection over X×X∨, meaning its curvature has Dolbeault type (1,1) for any
complex structure in the hyperka¨hler triple of X ×X∨. It may be commented
that a more direct approach working with U(r) bundles has many topological
subtleties coming from the non-discrete centre, which we shall circumvent.
There is a universal connection∇univ on the tautological infinte dimensional
principal PU(r) bundle P ∣X ×Ab →X×Ab, where Ab is (the locus of irreducible
connections inside) the affine space of PU(r) connections on P ∣X →X , and Gb
is the group of PU(r) gauge transformations. This ∇univ can be thought of as
a u(r)-valued 1-form Auniv on P ∣Mb ×Ab. For A ∈ Ab,
⎧⎪⎪⎨⎪⎪⎩
Auniv ∣P ∣Mb×{A} = A,
Auniv(a) = GAd∗Aa, a ∈ TAAb,
(52)
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where the Green operator GA is the inverse of the Laplacian ∆A = d∗AdA; mor-
ever ∇univ descends to the quotient bundle (P ∣X ×Ab)/Gb → X ×Ab/Gb. The
curvature F (∇univ) at the point (x,A) ∈ X ×Ab is given by
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
F (∇univ)(u1, u2) = FA(u1, u2), u1, u2 ∈ TxX,
F (∇univ)(a,u) = ⟨a,u⟩, a ∈ TAA, u ∈ TxX, d∗Aa = 0,
F (∇univ)(a1, a2) = −2GA{a1, a2}, a1, a2 ∈ TAA, d∗Aa1 = d∗Aa2 = 0.
(53)
where {a1, a2} means pointwise taking the Lie bracket on the bundle factor, and
contracting the 1-form factor using the metric on X .
Now we pull back ∇univ to X∨ along the tautological map X∨ → Ab/Gb
to obtain a connection, still denoted ∇univ, on the PU(r) bundle associated to
E ∣b →X ×X∨.
Lemma 5.4. ( cf. [17]) The PU(r) connection ∇univ is triholomorphic.
The triholomorphic property of the universal connection has implication on
duality: it induces by restriction a family of ASD PU(r) connection over X∨
parametrised by X . Suppose that these are all irreducible for all x ∈ X , then
X is naturally identified as the moduli space of ASD PU(r) connections on
E′ ≃ E∨∣x →X∨, and the hyperka¨hler structure on X induced from this moduli
interpretation agrees with the original hyperka¨hler structure on X . (cf. [17])
Hence we can construct the Mukai dual fibration M∨∨ → B of M∨ → B, called
the double Mukai dual fibration, whose underlying differentiable fibration
is the same as M → B.
Proposition 5.5. The double Mukai dual fibration is isomorphic to M → B as
Donaldson’s adiabatic fibrations.
Proof. It is enough to check they define the same positive section h∨∨ = h. This
follows from the fact that the fibrewise hyperka¨hler periods on M∨∨ → B and
M → B are equal.
We have so far identified the desirable structure for the global connection
on E restricted to fibres with fixed b ∈ B. In the next few Sections we wish to
understand what happens when b ∈ B varies.
5.4 Generalised adiabatic G2 instanton
We introduce a special structure called generalised adiabatic G2 instantons, for
applications to the Nahm transform treated in Chapter 6. A basic analogy is
that generalised adiabatic G2 instantons are related to adiabatic G2 instantons,
in the same way triholomorphic connections are related to ASD connections.
Definition 5.6. A PU(r) generalised adiabatic G2 instanton is a connec-
tion on the associated PU(r) bundle of E →M ×B M∨, such that restricted to
Mb ×M
∨
b it is triholomorphic, and the horizontal-vertical type (1,1) part of its
curvature F satisfies
∑
i
Iiι ∂
∂ti
F (1,1) = 0. (54)
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where ∂
∂ti
is an orthonormal basis of B, lifted to M ×B M
∨ using the canonical
horizontal distribution on M ×BM
∨ → B, and the complex structures Ii act on
the 1-forms in the fibre direction.
We can motivate this condition by analogy with the adiabaticG2 instantons
α, which as we recall amounts to the fibrewise ASD condition, and the condition
∑
i
ωi ∧ ι ∂
∂ti
F (α)(1,1) = 0.
This second condition is the same as
∑
i
Iiι ∂
∂ti
F (α)(1,1) = 0,
where the equation holds on K3 fibres instead of higher dimensional fibres. This
definition in fact generalises to bundles with arbitrary hyperka¨hler fibres.
Definition 5.7. A U(r) twisted generalised adiabatic G2 instanton is a
U(r) connection on E → M ×B M∨, such that the (1,1) part of its curvature
satisfies (54), and when restricted to Mb×M
∨
b , its associated PU(r) connection
is triholomorphic and its central curvature satisfies
√
−1
2πr
TrF
(0,2)
A
= B + B′, (55)
where B is the harmonic representative of 1
r
c1(E), and −B′ is the harmonic
representative of 1
r
c1(E′), where E′ is the underlying Hermitian bundle of
E∨∣x →M∨b for any x ∈Mb.
This is the higher dimensional analogue of twisted adiabatic G2 instantons,
where the twisting is introduced likewise for compatibility with Chern class
constraints.
5.5 The universal connection II
The rest of this Chapter will extend the fibrewise triholomorphic PU(r) con-
nection ∇univ from Section 5.3, to a generalised adiabatic G2 instanton over
M ×BM
∨, still to be denoted ∇univ. This amounts to solving a linear PDE (54)
for the unknown horizontal covariant derivative operator ∇univ∂
∂tk
, which clearly
decouples along different fibres Mb ×M
∨
b . The problem is overdetermined, but
the integrability conditions for Donaldson’s adiabatic fibrations will work in our
favour to ensure the existence of solution.
To set up, denote X = Mb with local coordinates xi, and X∨ = M∨b with
local coordinates τi. We shall work in the first order normal neighbourhood of
X ×X∨ ⊂M ×BM∨, where the horizontal distribution canonically trivialises the
total space as a Cartesian product of X×X∨ with the first order neighbourhood
b[ǫ] of b ∈ B; the coordinates on b[ǫ] are denoted ti. The effect of FH does
not appear over the first order normal neighbourhood, and we can write Lie
derivatives L ∂
∂tk
simply as ∂
∂tk
.
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Recall we are given a family of PU(r)ASD connectionsA onX , parametrised
by the product X∨ × b[ǫ]. We fix a topological identification of the underlying
bundles with P ∣X →X , and write
bk = ∂A
∂tk
, βj = ∂A
∂τj
∈ Ω1(X,ad(P ∣X)).
If we arrange the topological identification carefully, which amounts to a choice
of gauge, we can impose the Coulumb gauge condition d∗Abk = 0 along X ×X∨.
The term βj arises from variation of ASD connections for the fixed b ∈ B, so it
satisfies the linearised ASD equation overX =Mb. Write β′j as the L2 projection
of βj to TAX
∨ ⊂ Ω1(X,adP ∣Mb).
There is a tautological map f ∶ X∨ × b[ǫ] → Ab/Gb just like in Section 5.3,
which pulls back the universal connection to a PU(r) connection ∇univ over
X ×X∨×b[ǫ], and agrees with the triholomorphic connection over X ×X∨. Here
the Green operator involved in the definition of ∇univ uses the fixed hyperka¨hler
metric on the central fibre X . Although ∇univ is only given on X ×X∨ × b[ǫ],
the type (0,2) and type (1,1) components of the curvature F (∇univ) are well
defined along X ×X∨ since they involve at most one horizontal differentiation.
Lemma 5.8. Some curvature components of ∇univ are given by
⎧⎪⎪⎨⎪⎪⎩
F (∇univ)( ∂
∂ti
, ∂
∂xj
) = ⟨bi, ∂∂xj ⟩,
F (∇univ)( ∂
∂ti
, ∂
∂τj
) = −2GA{bi, β′j}.
(56)
Proof. This is merely the pullback of the curvature formula (53), since bi and
β′j are both in the Coulumb gauge.
Our next goal is to show
Proposition 5.9. (Local existence) The (1,1) type curvature component for
the connection ∇univ satisfies (54) along X ×X∨.
We prepare an elementary lemma about general connections on a hyperka¨hler
surface. It underlies the familiar fact that, the solution set of the linearised ASD
equation with the Coulumb gauge condition is a quaternionic module.
Lemma 5.10. On a hyperka¨hler K3 surface, if A is a connection, and a is an
adjoint bundle valued 1-form, then
dA(Iia) ∧ ωj =
⎧⎪⎪⎨⎪⎪⎩
(−d∗Aa)µ if i = j,
∑k ǫjikdAa ∧ ωk if i ≠ j,
(57)
and
d∗A(Iia)µ = dAa ∧ ωi. (58)
Proof. One uses that I1, I2, I3 are parallel, to see that for a = ∑l aldxl where
{dxl} is a geodesic frame at the point of interest,
⎧⎪⎪⎨⎪⎪⎩
dA(Iia) ∧ ωj = ∑k,l∇kaldxk ∧ Iidxl ∧ ωj ,
d∗Aa = −∑i∇iai.
The rest is a mechanical and elementary linear algebraic calculation.
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The next lemma is where the integrability conditions for Donaldson’s
adiabatic fibration come in.
Lemma 5.11. Assuming ∂
∂ti
is an orthonormal basis at b ∈ B, then for bk = ∂A∂tk ,
I1b1 + I2b2 + I3b3 = 0. (59)
Proof. We compute using the above lemma, and the Coulumb gauge condition,
dA(I1b1 + I2b2 + I3b3) ∧ ω1 = − (d∗Ab1)µ + dAb2 ∧ ω3 − dAb3 ∧ ω2
=dAb2 ∧ ω3 − dAb3 ∧ ω2.
Now we take the variation of the ASD condition FA ∧ ωi = 0 when the fibre
varies, to see
dAbk ∧ ωi +FA ∧
∂ωi
∂tk
= ∂
∂tk
(FA ∧ ωi) = 0.
Thus by comparing the two equations, and then applying Donaldson’s condition
dHω = 0,
dA(I1b1 + I2b2 + I3b3) ∧ ω1 = FA ∧ (∂ω2
∂t3
−
∂ω3
∂t2
) = 0.
Similarly,
dA(I1b1 + I2b2 + I3b3) ∧ ω2 = dA(I1b1 + I2b2 + I3b3) ∧ ω3 = 0,
and therefore the adjoint valued 1-form I1b1 + I2b2 + I3b3 satisfies the linearised
ASD condition
d+A(I1b1 + I2b2 + I3b3) = 0. (60)
We also have by an analogous argument
µd∗A(I1b1 + I2b2 + I3b3) =dAb1 ∧ ω1 + dAb2 ∧ ω2 + dAb3 ∧ ω3
= − FA{∂ω1
∂t1
+
∂ω2
∂t2
+
∂ω3
∂t3
} = 0. (61)
Thus we see that I1b1 + I2b2 + I3b3 is also in the Coulumb gauge. In short,
I1b1 + I2b2 + I3b3 ∈ TAX∨ ⊂ Ω1(X,adP ∣Mb).
Finally, from the definition of the canonical horizontal distribution onM∨ →
B, by writing ∂
∂tk
as a horizontal vector, we are imposing that bk = ∂A∂tk has zero
L2 projection to the finite dimensional space TAX
∨ ⊂ Ω1(X,adP ∣Mb). By the
quaternionic module property, so must I1b1 + I2b2 + I3b3. This implies (59) as
required.
We can now prove Proposition 5.9.
Proof. Equation (54) boils down to two pieces
∑
i
F (∇univ)( ∂
∂ti
, Ii
∂
∂xj
) = 0, ∑
i
F (∇univ)( ∂
∂ti
, Ii
∂
∂τj
) = 0.
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Using the curvature formula (53), these are equivalent to, respectively
∑
i
⟨bi, Ii ∂
∂xj
⟩ = 0, GA∑
i
{bi, Iiβj} = 0.
The first equation is tautologically equivalent to (59). The second is also implied
by (59), because {bi, Iiβj} = −{Iibi, βj} at every point on X .
We can perform this construction to define the horizontal directional deriva-
tives ∇univ∂
∂tk
for all b ∈ B, so that (54) is solved fibrewise:
Proposition 5.12. The fibrewise triholomorphic connection can be extended
to a PU(r) generalised adiabatic G2 connection ∇univ over M ×B M∨.
5.6 Twisted generalised adiabatic G2 instantons
We now lift the PU(r) generalised adiabatic G2 instanton to U(r) connection
on E → M ×B M∨. This requires additionally specifying a U(1) connection on
ΛrE . Since B is contractible, the line bundle ΛrE →M ×B M∨ is topologically
the tensor product of line bundles L→M and L′ →M∨.
Lemma 5.13. There is a U(1) twisted adiabatic G2 instanton on L→M , and
similarly for L′ →M∨.
Proof. (Sketch) Let B be the type (0,2) form which fibrewise is the harmonic
representative of c1(L). Choose a connection A on L→M , such that its restric-
tion to K3 fibres has curvature 2π
√
−1B. Using the proof of Lemma 4.6 and the
fact that H1(K3) = 0, we can adjust A such that (A,Φ0) is a ‘twisted adiabatic
G2 monopole’ similar to (44), for some Higgs field Φ0:
FA ∧Θ = (∗4dAΦ0) ∧ λ + 2π
√
−1B ∧Θ. (62)
Using dΘ = 0, dHµ = 0 and B ∧ ωi = (∫X c1(L) ∧ ωi)µ, we observe
dB ∧Θ = d{B ∧Θ} = d{−∑
cyc
(∫
Mb
B ∧ ωi)dtjdtk ∧ µ}
= d{−∑
cyc
(∫
Mb
c1(L)∧ ωi)dtjdtk ∧ µ} = d{(∫
Mb
c1(L)∧Θ) ∧ µ}
= (∫
Mb
c1(L)∧ dΘ) ∧ µ + (∫
Mb
c1(L) ∧Θ) ∧ dµ = 0.
Using this fact, we take dA of (62) and argue as in Proposition 2.4 to show
dAΦ0 = 0 on K3 fibres, so A is a twisted adiabatic G2 instanton.
Theorem 5.14. In the setup of the introduction to this Chapter, there is a
twisted generalised adiabatic G2 instanton on E →M×BM∨, still denoted ∇univ ,
which restricts to the tautological HYM instantons over Mb for b ∈ B.
Proof. We can prescribe the tensor product connection on ΛrE ≃ L⊗L′, which is
a U(1) twisted generalised adiabaticG2 instanton. This data allows us to lift the
PU(r) generalised G2 instanton to a U(r) twisted generalised G2 instanton.
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Remark. The topological identification ΛrE ≃ L⊗L′ causes non-uniqueness in
the construction: one can twist ∇univ by adding an exact u(1)-valued 1-form
pulled back fromM∨, or add a u(1)-valued 1-form pulled back from B, to obtain
different solutions.
6 Duality for gauge theories
The twisted generalised G2 instanton ∇
univ on the universal bundle E →M ×B
M∨ allows us to define the Nahm transform, which transforms twisted G2
instantons on a Hermitian bundle F → M with a certain slope potential (cf.
Definition 2.3), to twisted G2 instantons on a new Hermitian bundle Fˆ →M∨
with a certain slope potential. The main ingredients aside from the existence
theory of ∇univ, are the Nahm transform on K3 surfaces (cf. the companion
paper [17], which uses core ideas from [4]), and the information on the variation
of the Dirac operator in Chapter 3.
With more input from the companion paper [17], and using the instanton-
Fueter correspondence in Section 4.3, we show, under some regularity assump-
tions, a version of the Fourier inversion theorem, which says that the inverse
Nahm transform is isomorphic to the given twisted adiabatic G2 instanton. This
is another manifestation of the duality between M and M∨.
6.1 The Nahm transform
Assume the setup of Chapter 5. Let π ∶M → B be a Donaldson’s adiabatic fibra-
tion, with Mukai dual fibration π∨ ∶M∨ → B, and there is a twisted generalised
adiabatic G2 instanton ∇
univ on the universal bundle E →M ×B M∨.
Remark. For a more familiar analogy, ∇univ shall play the same role as the
universal connection on the Poincare´ line bundle for the Nahm transform on an
Abelian surface [4]. In less precise terms, ∇univ behaves like the Schwartz kernel
of Fourier transform operator, or algebraic cycles acting as correspondences.
Suppose we are given a Hermitian vector bundle F →M with a connection
α, whose restriction to each fibre is an irreducible HYM connection. Restricted
to any K3 fibre X = Mb, we assume F ∣b → X has a different Mukai vector
compared to the Hermitian bundle E∣b ≃ E ∣τ →X for any τ ∈X∨. (If the Mukai
vectors are the same, then α is represented by a section of π∨ ∶M∨ → B, which
is the situation of Section 4.3.) Assume also that the gradient of the slope
potential function of the bundles F →M and E →M are the same; this ensures
that for any fixed b ∈ B, τ ∈ X∨, the connection ατ on Hom(E ∣τ ,F ∣b) obtained
by coupling α to ∇univ has no central curvature, so is actually ASD.
Then for any fixed b ∈ B, we can perform the Nahm transform on the
K3 fibres, treated in the companion paper [17]. We briefly recall how this is
defined. We couple the Dirac operator on the negative spinor bundle S−X (cf.
Section 3.5) to the connection ατ parametrised by τ ∈X∨,
D−ατ ∶ Γ(X,S−X ⊗Hom(E ∣τ ,F ∣b))→ Γ(X,S+X ⊗Hom(E ∣τ ,F ∣b)). (63)
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The formal adjoint operator is the coupled Dirac operator D+ατ . A Bochner
formula argument shows that D+ατ has vanishing kernel, using the assumption
that Hom(E ∣τ ,F ∣b) has no global covariantly constant section on X , which is
a consequence of our setup. Thus the kernels of D−ατ fit together into a vector
bundle Fˆ ∣b over X∨, equipped with a natural connection αˆ∣b which turns out to
be HYM, with the same slope as the bundle E′∣b ≃ E∨∣x → X∨ for any x ∈ X .
The Mukai vector of Fˆ ∣b is the Fourier-Mukai transform of the Mukai vector of
F ∣b, and in particular Fˆ ∣b /≃ E′∣b →X∨. (cf. [17] for more details).
Now we turn to the problem on the 7-fold and allow b ∈ B to vary. The
cokernel vanishing property guarantees these bundles Fˆ ∣b to fit into a smooth
vector bundle Fˆ →M∨. We can put a canonical connection αˆ on Fˆ as follows.
We think of the vector bundle Fˆ ∣b = kerD−ατ as a subbundle of the infinite rank
vector bundle Hˆ →M∨, whose fibre at the point (b, τ) ∈M∨ is
Hˆ∣b,τ = Γ(X,S−X ⊗Hom(E ∣τ ,F ∣b)).
This bundle Hˆ has a natural tautological connection dˆ, induced from the given
connections on S−X → M , F → M , and E → M ×B M∨, because a first order
trivialisation of all the ingredients S−X , F , E around a given copy ofX ⊂M×BM∨
implies a first order trivialisation on Hˆ. The reader should bear in mind that dˆ
is a connection overM∨, so involves differentiation in the X∨ and the horizontal
direction, but not in the X direction.
The subbundle Fˆ →M∨ is then equipped with a Hermitian metric and the
subbundle connection αˆ. More concretely, denote by Gτ the Green operator
acting on Γ(X,S+X ⊗ Hom(E ∣τ ,F ∣b)), i.e. the inverse to the Laplace operator
∆ατ = ∇∗ατ∇ατ , which by virtue of the ASD property of ατ is
∆ατ =D−ατD+ατ . (64)
Thus the L2 orthogonal projection operator from Hˆ∣b,τ to the subspace Fˆ ∣b is
given by P = 1 − D+ατGτD−ατ , and the covariant derivative associated to αˆ is
∇ˆ = P dˆ.
Definition 6.1. The pair of the Hermitian bundle Fˆ →M∨ with the canonical
connection αˆ, is called the Nahm transform of the pair (F , α).
Our setup here is compatible with the K3 version of the Nahm transform
when restricted to fibres. This gives
Lemma 6.2. ( cf. [17]) The Nahm transform (Fˆ , αˆ) restricted to each K3
fibre on M∨ is HYM, and the gradient of the slope potentials of Fˆ → M∨ and
E′ →M∨ are the same.
Our next goal is to compute the curvature matrix of αˆ, which is very similar
to the K3 setting in [17], and in essence goes back to the paper [4] for Nahm
transforms on Abelian surfaces. We reproduce it here for the reader’s benefit.
The summation convention will be used.
Let fˆ j ∈ Γ(X,S−X⊗Hom(E ∣τ ,F ∣b)) with τ ∈X∨, b ∈ B be a local orthonormal
framing of Fˆ → M∨, where j = 1,2 . . . , rk(Fˆ). For a section sˆ(τ, b) = ∑j sˆj fˆ j,
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with sˆj being local C
∞ functions on M∨, one can compute
∇ˆsˆ = P dˆsˆ = (1 −D+ατGτD−ατ )[dˆ∑ sˆj(τ, b)fˆ j].
In components, we can write
∇ˆsˆ = (dsˆj + αˆjksˆk)fˆ j ,
where the connection matrix of α is αˆjk = ⟨fˆ j , dˆfˆk⟩. The curvature matrix is
Fˆij = dαˆij + αˆik ∧ αˆkj = ⟨dˆfˆ i,∧dˆfˆ j⟩ + ⟨fˆ i,∧dˆ2fˆ j⟩ + ⟨fˆ i, dˆfˆk⟩ ∧ ⟨fˆk, dˆfˆ j⟩.
Now ⟨dˆfˆ i, fˆk⟩ = −⟨fˆ i, dˆfˆk⟩ by the compatibility with Hermitian structures, so
the third term above is recognized as −⟨P dˆfˆ i,∧dˆfˆ j⟩, and
Fˆij =⟨dˆfˆ i,∧dˆfˆ j⟩ − ⟨P dˆfˆ i,∧dˆfˆ j⟩ + ⟨fˆ i,∧dˆ2fˆ j⟩
=⟨D+ατGτD−ατ dˆfˆ i,∧dˆfˆ j⟩ = ⟨GτD−ατ dˆfˆ i,∧D−ατ dˆfˆ j⟩ + ⟨fˆ i,∧dˆ2fˆ j⟩.
But since D−ατ fˆ
i = 0,
D−ατ dˆfˆ
i = [D−ατ , dˆ]fˆ i.
To summarize,
Lemma 6.3. The curvature matrix of αˆ is
Fˆij = ⟨Gτ [D−ατ , dˆ]fˆ i,∧[D−ατ , dˆ]fˆ j⟩ + ⟨fˆ i,∧dˆ2fˆ j⟩. (65)
This computation is formal in nature. The actual geometric content is to
interpret the curvature term dˆ2 and the variation of the coupled fibrewise Dirac
operator [D−ατ , dˆ]. We shall denote as in Chapter 5 the coordinates on X as
xi, the coordinates on X
∨ as τi, and the base coordinates in the first order
neighbourhood of b ∈ B as ti. We will be interested mainly in the terms which
contribute to the horizontal-vertical type (1,1) component of the curvature Fˆ ,
namely ∑i,j Fˆ ( ∂∂τi , ∂∂tj )dτi ∧ dtj .
Remark. Even though the horizontal distribution H is not integrable in gen-
eral, we can always choose coordinates over the first order neighbourhood such
that ∂
∂ti
gives H .
We first analyse dˆ2. The tautological connection dˆ on the infinite rank
bundle Hˆ is induced from the natural connections on S−X →M , E →M ×B M∨,
and F →M , and so its curvature is tautologically induced by the curvature of
these 3 individual connections. If s is a section in Γ(X,S−X ⊗ Hom(E ∣τ ,F ∣b))
representing an element in Hˆτ,b, then dˆ2 acting on s just means the sum of the
following 3 curvature operators acting on s pointwise on X .
• The connection on S−X →M is ∇
LC,− from Chapter 3. Since this is pulled
back fromM toM ×BM
∨, the curvature component F (∇LC,−)( ∂
∂τi
, ∂
∂tj
) =
0 does not contribute to dˆ2.
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• The connection on E was denoted ∇univ, and its relevant curvature compo-
nent is F (∇univ)( ∂
∂τi
, ∂
∂tj
)dτi ∧ dtj . Since this is acting on a Hom bundle,
in terms of matrices we need to take the minus transpose action.
• The connection on F is α, and its contribution is zero similar to the S−X
case.
Combining these remarks,
Lemma 6.4. The term ⟨fˆ i,∧dˆ2fˆ j⟩ is equal to
⟨fˆ i,{∑
k,l
F (∇univ)( ∂
∂τk
,
∂
∂tl
)dτk ∧ dtl}fˆ j⟩. (66)
Next we analyse the variation of the coupled fibrewise Dirac operator
[D−ατ , dˆ], which in components has the formula
[dˆ,D−ατ ] = ∑[∇ ∂∂ti ,D
−
ατ
]dti +∑[∇ ∂
∂τi
,D−ατ ]dτi.
Here ∇ refers to the natural covariant derivatives of dˆ, so really comes from the
3 individual connections as above. Those commutators are operators acting on
coupled negative spinors.
• The most fundamental contribution is when we ignore the coupling with
α and ∇univ. Then we are dealing with the variation of the fibrewise
uncoupled Dirac operator ∑[∇LC∂
∂ti
,D−]dti , which is the subject of the
delicate calculations in Section 3.5.
• The presence of the connection ∇univ has two effects. Let us write
⎧⎪⎪⎨⎪⎪⎩
Ω = ∑F (∇univ)( ∂∂xi , ∂∂tj )dxi ∧ dtj ,
Ω′ = ∑F (∇univ)( ∂∂xi , ∂∂τj )dxi ∧ dτj .
The Clifford actions of these curvature tensors are
⎧⎪⎪⎨⎪⎪⎩
Ω ⋅ s = ∑F (∇univ)( ∂∂xi , ∂∂tj )cX(dxi)s⊗ dtj ,
Ω′ ⋅ s = ∑F (∇univ)( ∂∂xi , ∂∂τj )cX(dxi)s⊗ dτj .
The contribution to the variation of the coupled fibrewise Dirac operator
[D−ατ , dˆ] is Ω+Ω′, which are Clifford operator valued 1-forms. We remark
that the action of this operator on the Hom(E ,F) factor of s involves
minus transpose in matrix language.
• The connection α has curvature matrix F (α), and its horizontal-vertical
(1,1) part is
F (α)(1,1) = ∑F (α)( ∂
∂xi
,
∂
∂tj
)dxi ∧ dtj .
The Clifford action of this curvature operator is
F (α)(1,1) ⋅ s =∑F (α)(1,1)( ∂
∂xi
,
∂
∂tj
)cX(dxi)s⊗ dtj .
The contribution to [D−ατ , dˆ] is F (α)(1,1)⋅ viewed as the Clifford operator
valued 1-form.
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Combining these contributions, and collecting dti terms together,
Lemma 6.5. The (1,1) type component of ⟨Gτ [D−ατ , dˆ]fˆ i,∧[D−ατ , dˆ]fˆ j⟩ can be
written as the sum of
⟨Gτ ([D−, dˆ] +Ω +F (α)(1,1)) ⋅ fˆ i,∧Ω′ ⋅ fˆ j⟩
and
⟨GτΩ′ ⋅ fˆ i,∧([D−, dˆ] +Ω +F (α)(1,1)) ⋅ fˆ j⟩.
6.2 Nahm transform preserves adiabatic G2 instantons
Assume in this Section that α on the bundle F →M is a twisted adiabatic G2
instanton. Consider Fˆ (1,1) ∧ΘM
∨
, or equivalently
(I1dt2dt3 + I2dt3dt1 + I3dt1dt2)Fˆ (1,1)
where Ik acts on the 1-forms dτj but not on dtj . The contributing terms from
last Section will cancel out exactly.
Lemma 6.6. The contributing term ∑F (∇univ)( ∂∂τi , ∂∂tj )dτi∧dtj to dˆ2 satisfies
(I1dt2dt3 + I2dt3dt1 + I3dt1dt2){∑F (∇univ)( ∂
∂τi
,
∂
∂tj
)dτi ∧ dtj} = 0.
Therefore the contribution (66) vanishes.
Proof. This can be rephrased as one of the components of the twisted generalised
adiabatic G2 instanton equation ∑k Ikι ∂
∂tk
F (∇univ)(1,1) = 0.
Lemma 6.7. The operator valued 1-form [D−, dˆ] +Ω ⋅ +F (α)(1,1)⋅ satisfies
(IS+
1
dt2dt3 + I
S
+
2
dt3dt1 + I
S
+
3
dt1dt2){[D−, dˆ] +Ω ⋅ +F (α)(1,1)⋅} = 0. (67)
Proof. If we ignore the Ω and the F (α)(1,1) term, then this is the content of
equation (38), which is the result of a very delicate calculation.
As for the contribution of Ω,
(IS+1 dt2dt3 + IS
+
2 dt3dt1 + I
S+
3 dt1dt2)Ω⋅
=(IS+
1
dt2dt3 + I
S+
2
dt3dt1 + I
S+
3
dt1dt2){∑Ω( ∂
∂xi
,
∂
∂tj
)cX(dxi)dtj}
=dt1dt2dt3{∑Ω( ∂
∂xi
,
∂
∂tj
)cX(Ijdxi)}
=cX{(I1dt2dt3 + I2dt3dt1 + I3dt1dt2)Ω} = 0.
This last step is a component of the twisted generalised adiabatic G2 instanton
equation. Here the Clifford action is independent of wedging by dti.
The discussion for F (α)(1,1) is exactly analogous to Ω.
48
Lemma 6.8. The Clifford operator valued 1-form Ω′ acting on a coupled neg-
ative spinor s satisfies
∑
i,j
Ω′( ∂
∂xi
,
∂
∂τj
)cX(dxi)s⊗ Ikdτj = −IS+k Ω′ ⋅ s. (68)
in the local bases { ∂
∂xi
} and { ∂
∂τj
}.
Proof. We compute using the triholomorphic property of Ω′ (which is part of
the definition of twisted generalised adiabatic G2 instantons)
∑
i,j
Ω′( ∂
∂xi
,
∂
∂τj
)cX(dxi)⊗ Ikdτj = ∑
i,j
Ω′( ∂
∂xi
,−Ik
∂
∂τj
)cX(dxi)⊗ dτj
=∑
i,j
Ω′(Ik ∂
∂xi
,
∂
∂τj
)cX(dxi)⊗ dτj = ∑
i,j
Ω′( ∂
∂xi
,
∂
∂τj
)cX(−Ikdxi)⊗ dτj
= − IS+k ∑
i,j
Ω′( ∂
∂xi
,
∂
∂τj
)cX(dxi)⊗ dτj .
This acting on the coupled negative spinor is the claim.
We will now come to the crux of the miraculous cancellation.
Proposition 6.9. The term ⟨Gτ ([D−, dˆ]+Ω +F (α)(1,1)) ⋅ fˆ i,∧Ω′ ⋅ fˆ j⟩ satisfies
(I1dt2dt3+I2dt3dt1+I3dt1dt2)⟨Gτ ([D−, dˆ]+Ω+F (α)(1,1)) ⋅fˆ i,∧Ω′ ⋅fˆ j⟩ = 0. (69)
Completely analogous result holds for
⟨GτΩ′ ⋅ fˆ i,∧([D−, dˆ] +Ω +F (α)(1,1)) ⋅ fˆ j⟩.
Proof. The complex structures are acting on the dτi factors here. So by (68),
Ik⟨Gτ ([D−, dˆ] +Ω +F (α)(1,1)) ⋅ fˆ i,∧Ω′ ⋅ fˆ j⟩
=⟨Gτ ([D−, dˆ] +Ω +F (α)(1,1)) ⋅ fˆ i,∧(∑
p,q
Ω′( ∂
∂xp
,
∂
∂τq
)cX(dxp)⊗ Ikdτq) ⋅ fˆ j⟩
= − ⟨Gτ ([D−, dˆ] +Ω + F (α)(1,1)) ⋅ fˆ i,∧IS+k Ω′ ⋅ fˆ j⟩.
The operators IS
+
k on positive spinors are anti-self-adjoint, so the above is
⟨IS+k Gτ ([D−, dˆ] +Ω + F (α)(1,1)) ⋅ fˆ i,∧Ω′ ⋅ fˆ j⟩.
Now crucially, since ατ is ASD, the Lichnerowicz formula (64) and the hy-
perka¨hler nature of the K3 fibres imply that the square of the Dirac operator
commutes with the natural complex structure actions IS
+
k , and therefore the
Green operator Gτ commutes with I
S+
k . We remark that this observation is also
the core of our proof in [17] that the Nahm transform on K3 surfaces preserves
the HYM condition.
Thus we convert the above to
⟨Gτ IS
+
k ([D−, dˆ] +Ω + F (α)(1,1)) ⋅ fˆ i,∧Ω′ ⋅ fˆ j⟩.
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Hence the LHS of (69) is
⟨Gτ{IS
+
1
dt2dt3 + I
S+
2
dt3dt1 + I
S+
3
dt1dt2}([D−, dˆ] +Ω +F (α)(1,1)) ⋅ fˆ i,∧Ω′ ⋅ fˆ j⟩,
which vanishes by the delicate input (67).
Finally we arrived at the promised result
Theorem 6.10. Under the Nahm transform, twisted adiabatic G2 instantons
on F → M with the same slope potential as E → M up to a constant, map to
twisted adiabatic G2 instantons on Fˆ → M∨ with the same slope potential as
E′ →M∨ up to a constant.
Proof. Combining Proposition 6.9 with Lemma 6.6, all the matrix entries of
(I1dt2dt3 + I2dt3dt1 + I3dt1dt2)Fˆ (1,1)
vanish as required. Now combine with Lemma 6.2 to see the Theorem.
Remark. Recall the Nahm transform is defined if α is fibrewise HYM with
the required slope potential, and the (twisted) adiabatic instantons are critical
points of a gauge-theoretic Chern-Simons type function. It seems likely that the
Nahm tranform induces an equality between the Chern-Simons functionals for
fibrewise HYM connections on F →M and Fˆ →M∨, which would give a deeper
explanation of the Theorem.
6.3 The inverse Nahm transform and duality
The theory of Nahm transform resembles the Fourier transform; in particu-
lar there is an analogue of the Fourier inversion theorem. In the context of
HYM connections on K3 surfaces, this is known as the inverse Fourier-Mukai
transform in algebraic geometry, and is studied using derived category tech-
niques [1][14][19]. The differential geometric counterpart is the inverse Nahm
transform on K3 surfaces, treated in our companion paper [17] using techniques
similar to [4].
Now let (F , α) be a twisted adiabatic G2 instanton over M as in the setup
of Section 6.1, and let (Fˆ , αˆ) be its Nahm transform, which is also a twisted
adiabatic G2 instanton by Section 6.2. In order to view M → B as the Mukai
dual fibration of M∨ → B , we assume as in Section 5.3 that for each b ∈ B, the
family of HYM connections induced by ∇univ on E′∣b ≃ E∨∣x →X∨ parametrised
by x ∈ X = Mb are all irreducible. Assume also that the fibrewise restriction
(Fˆ ∣b, αˆ∣b) of (F , α), which is a HYM connection over X∨, does not contain any
HYM connection on E′∣b → X∨ as an irreducible factor (in particular, this is
true if αˆ is irreducible); this is to ensure some cokernel vanishing condition as
in the beginning of Section 6.1.
Under these assumptions, we can make the dualised ∇univ on E∨ →M∨ ×B
M play the role of the twisted generalised adiabatic G2 instanton, to define the
Nahm transform of (Fˆ , αˆ), which is a twisted adiabatic G2 instanton ( ˆˆF , ˆˆα)
over M (here one uses the fact that the slope of F agrees with E′); we call
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( ˆˆF , ˆˆα) the inverse Nahm transform. For every fixed b ∈ B, this construction
agrees with the setup of inverse Nahm transform on K3 surfaces in [17]. This
implies the following fibrewise statement:
Proposition 6.11. (cf. [17]) There is a canonical comparison map F ∣b → ˆˆF ∣b
over the K3 surface X =Mb, which is an isometric isomorphism, and identifies
the irreducible HYM connection α∣b with ˆˆα∣b.
The following analogue of Fourier inversion theorem can be viewed as a
manifestation of the duality between M and M∨.
Theorem 6.12. The inverse Nahm transform ( ˆˆF , ˆˆα) is isomorphic to (F , α)
up to possibly twisting by a u(1)-valued 1-form pulled back from B.
Proof. From the fibrewise statement, the bundles F → M and ˆˆF → M are
identified as Hermitian vector bundles, and the connections α and ˆˆα define
the same Fueter section on some appropriate moduli bundle M → B of HYM
connections. An almost verbatim adaption of Proposition 4.7 to HYM situation
gives the claim.
Remark. It is conceivable that α and ˆˆα are canonically isomorphic without the
extra twist, but we do not pursue this because the analogue in the K3 setting
(cf. [17]) is already difficult.
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